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1Quantitative Skills in the AP Sciences

Introduction

Quantitative Skills and the 
AP Science Courses
Each AP science course (biology, chemistry, environmental science, and the four physics 
courses) focuses on the development of quantitative skills such as using measurements, 
gathering and evaluating data, using quantitative evidence to support claims, and 
connecting empirical information to scientific theory. In each AP science course you take, 
you will perform several hands-on college-level investigations and other activities that are 
designed not only to meet the learning objectives for the course but also to give you multiple 
opportunities to acquire, develop, and apply these quantitative skills. By the end of a course, 
you will be able to successfully organize and work with data so that you can effectively 
communicate your conclusions. You will be able to think and act like a scientist!

How to Use This Guide
This guide is designed to be used as a reference as you navigate various AP science courses; 
you can use it to refresh your memory on how to perform calculations on the Equations and 
Formulas sheet for your course as you are completing classroom or at-home assignments. It is 
not meant to be a comprehensive guide to quantitative analysis, a substitute for your textbook 
and/or classroom instruction, or a review for the AP Exam. 

The first two chapters, Chapter 1: Collecting and Reporting Data and Chapter 2: Data 
Analysis, contain general information that is relevant to all AP science courses, along with 
examples. These chapters are followed by additional chapters that contain course-specific 
quantitative-skills information for AP Biology, AP Chemistry, AP Environmental Science, 
AP Physics 1, AP Physics 2, AP Physics C: Mechanics, and AP Physics C: Electricity and 
Magnetism. 

Throughout this guide, you will find hyperlinks to videos from Khan Academy that you can 
use for additional help when you need it. Each hyperlink is also accompanied by a QR code 
that you can use to access a video with a smartphone or tablet, which will be helpful if you 
are using a hard copy of this guide. You may use any QR reader app (many are free) to read 
the codes. 
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2Quantitative Skills in the AP Sciences

CHAPTER 1

Collecting and Reporting Data 

Types of Data 
Data can be classified as qualitative or quantitative:

 � Qualitative data

 � Are observed rather than measured

 � Include written descriptions, videos, photographs, or live observations

 � Examples include observations of appearance, behaviors, smell, taste, etc.

 � Quantitative data

 � Are measured and recorded in numerical form

 � Examples include absorbance, size, time, height, and mass

Qualitative data and quantitative data are both important and not always used completely 
separate from each other. Qualitative data can be coded or organized in a quantitative 
way for the purpose of interpretation or analysis. For instance, in the AP Biology Enzyme 
Catalysis lab, a color palette (figure 1.1) is used to qualitatively determine the amount of 
oxygen produced when hydrogen peroxide is degraded by the turnip peroxidase enzyme. 
By numbering the colors 1–10, the qualitative data obtained from the experiment can be 
converted to quantitative data. Alternately, quantitative data can be obtained from this 
experiment by using a spectrophotometer to measure the absorbance or percent transmittance 
of the samples. The purpose or anticipated outcome of an experiment will determine which 
type of data you choose to collect and how to organize it.

Figure 1.1: Turnip Peroxidase Color Chart
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CHAPTER 1

Collecting and 
Reporting Data

Measurement 
Units: Use of Metric Prefixes 
There are two commonly used systems of measurement in the world, which differ in the units 
they use for length, mass, and time. The first is the United States Customary System (USCS, 
formerly called the English system) of feet, pounds, and seconds. The second is the metric 
system of meters, kilograms, and seconds. In 1960, the metric system was adopted by an 
international committee in Paris as the worldwide standard for science and is now referred 
to as the Système International or SI. A subset of the metric system is the centimeter-gram-
second (cgs) system that is commonly used in atomic physics and chemistry. The meter-
kilogram-second (mks) system is another subset commonly used in physics (specifically 
mechanics). In science, medicine, and government in the United States, the SI system is often 
used alongside the USCS system. In this guide, we will use the SI system of measurement, 
which is the preferred measurement system of science.

Fundamental Units
Most physical quantities, such as velocity, acceleration, force, momentum, and energy can 
ultimately be expressed in terms of three basic units of length, mass, and time. These three 
units are referred to as fundamental units because they can be used to define all other 
elements in a particular system of measurement. 

Table 1.1 summarizes the fundamental units for the metric and USCS systems of 
measurement.

Table 1.1: Fundamental Units of Measurement

System Length Mass Time

SI (MKS) meter kilogram second

SI (CGS) centimeter gram second

USCS feet slug second

The units of measure in the SI system are often preceded by prefixes to indicate the 
appropriate size of a measurement. Each prefix represents a power of 10 and has a symbol 
that is added to the measurement for reporting. For example, the prefix milli- indicates 1/1000, 
which means that there are 1000 milligrams in a gram. So when describing the mass of an 
object or substance that is very small, it is reported as 3.42 milligrams rather than 0.00342 
grams. Table 1.2 lists the prefixes that you will most commonly use in your AP science 
courses.
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Collecting and 
Reporting Data

Table 1.2: Common SI Prefixes

Prefix Symbol Multiplier Number

tera  T 1012 1 trillion

giga G 109 1 billion

mega M 106 1 million

kilo k 103 1,000

hecto h 102 100

deka da 101 10

UNIT (grams/
liters/meters) 100 1

deci d 10-1 0.1

centi c 10-2 0.01

milli m 10-3 0.001

micro  µ 10-6 1 millionth

nano  n 10-9 1 billionth

pico p 10-12 1 trillionth

Another way of thinking about this is to use a place-value representation:

One way to convert from one unit to another is to use the above representation to count how 
many decimal places should be used for the adjustment. So, using the example above, if you 
wanted to convert 0.00342 grams to milligrams, you would start at the base unit then count 
until you get to the milli- prefix, as shown below.

Since we moved three places to the right, we will move the decimal point in our number —  
0.00342 — to the right also. By doing this, we find that 0.00342 grams is equal to 3.42 
milligrams. If we move the decimal point two places to the right instead of three, we find that 

Return to  
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Collecting and 
Reporting Data

0.00342 grams is equal to 0.342 centigrams, and moving the decimal point one place to the 
right shows that 0.00342 grams is equal to 0.0342 decigrams.

If you need further review of the metric system, try this tutorial:

Khan Academy: U.S. customary and metric units

Dimensional Analysis: Unit Conversions 
In AP science courses you will frequently have to analyze relationships between physical 
quantities. This may require you to convert between units to describe equivalent amounts of 
the data you are reporting. In doing this, the amounts of data you are describing remain the 
same. You are only changing the way you report these amounts. Converting units is a type of 
dimensional analysis for which the factor-label method is helpful. For example, let’s say we 
want to convert 650 mL to liters.

We know that there are 1000 mL in one liter:

We first convert this equation to conversion factors:

Multiplying a quantity by these conversion factors changes the units, but leaves the 
quantity unchanged. We next choose a conversion factor that will convert our quantity, 
650 mL, from units of mL to units of liters:

The conversion factor was chosen so that when units are cancelled out (the diagonal lines in 
the accompanying examples), the desired unit remains. In choosing the conversion factor, we 
put the mL in the denominator so that it cancels out, and we are left with L. By cancelling out 
mL, we converted from mL to L.

We can also multiply by a series of conversion factors. For example, consider converting from 
three miles to meters, given the conversion from miles to feet (there are 5280 feet in a mile) 
and the conversion from feet to meters (there are 3.28 feet in a meter).

There are 5280 feet in a mile, and 3.28 feet in a meter:

This gives us four conversion factors:

Return to  
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So the conversion would look like this:

You will often use this method to determine how to make solutions. For example, how many 
grams of sodium hydroxide (NaOH, molar mass = 40 g/mol) would we need if we wanted to 
make 500 mL of a 0.40 M (moles per liter) solution? In this case, the molar mass of NaOH  
(1 mol NaOH = 40 g NaOH) leads to the following conversion factors:

Similarly, our target concentration of 0.40 M gives us the following ratios:

To determine the mass of NaOH needed to make 500 mL of solution we start with 500 mL and 
multiply as follows:

These tutorials will help you refresh your memory on how to do unit conversions:

Khan Academy: Unit conversion within the metric system

Khan Academy: Converting within the metric system

Significant Digits 
To ensure that you are reporting your data to the correct degree of precision, the data you 
record during an experiment should include only significant digits (also called significant 
figures). These are:

 � The digits that are meaningful in a measurement or a calculation. 

 � Determined by the measurement device used during the experiment. 

 � If you use a digital device, record the measurement value exactly as it is shown on 
the screen. 

 � If you read the result from a ruled scale (such as a ruler or graduated cylinder),  
the value that you record should include each digit that is certain and one  
uncertain digit.

For example, figure 1.2 shows the same measurement made with two different scales, which 
vary in their precision of measurement. On the left, the digits 8 and 4 are certain because they 
are shown by markings on the scale and it is clear that the measurement is at least 8.4.  

Return to  
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The digit 2 is an estimate of how far the measurement is beyond 8.4, so that is the uncertain 
digit. This measurement (8.42 cm) has three significant digits. The scale on the right has 
markings at 8 and 9. The 8 is certain, but you must estimate how far the measurement 
is beyond 8, so 4 is the uncertain digit. This measurement is 8.4 cm. Even though the 
measurement on the right is the same as the measurement on the left, it has only two 
significant digits because the markings are farther apart, and thus there is less precision to 
the measurement being made.

Figure 1.2: Different Significant Digits from Different Scales

Uncertainties in measurements should always be rounded to one significant digit. When 
measurements are made with devices that have a ruled scale, the uncertainty is half the value 
of the precision of the scale. The markings on the device will show the precision. Looking at 
the example shown in figure 1.2 above, the scale on the left has markings every 0.1 cm, so the 
uncertainty is half this, which is 0.05 cm. The correct way to report this measurement is  
8.43 ± 0.05 cm. The scale on the right has markings every 1 cm, so the uncertainty is 0.5 cm. 
The correct way to report this measurement is 8.4 ± 0.5 cm.

Table 1.3 presents the rules you should follow in determining which digits in a number that 
represents a measured value are meaningful (in the sense described above) and therefore 
significant.

Table 1.3: Rules for Significant Figures
Rule Examples

Non-zero digits are always significant. 4,735 km has four significant digits.

573.274 in. has six significant digits.

Zeros before other digits are not significant. 0.38 m has two significant digits.

0.002 in. has one significant digit.

Zeros between other digits are significant. 42.907 km has five significant digits.

0.00706 in. has three significant digits.

8,005 km has four significant digits.

Zeros to the right of all other digits 
are significant if they are to the 
right of the decimal point.

975.3810 cm has seven significant digits.

471.0 m has four significant digits.

It is impossible to determine whether zeros 
to the right of all other digits are significant 
if the number has no decimal point. 

8,700 km has at least two significant digits, 
but the exact number is unknown.

20 in. has at least one significant digit, but the 
exact number of significant digits is unknown.

Return to  
Table of Contents

© 2018 The College Board



Quantitative Skills in the AP Sciences

Data Tables 

8

CHAPTER 1

Collecting and 
Reporting Data

Rule Examples

If a number is written with a decimal point, zeros 
to the right of all other numbers are significant.

620.0 km has four significant digits.

5,100.4 m has five significant digits.

670. in. has three significant digits.

All digits in the coefficient of a number 
written in scientific notation are significant.

6.02×104 cm has three significant digits

Note that it is good scientific practice to use scientific notation (see chapter 2). If you use 
scientific notation, then all digits shown are always significant.

If you need additional review on significant figures, this tutorial can help:

Khan Academy: Intro to significant figures

Data Tables 
Data tables allow you to gather your data in one place so that it can be organized, compared, 
or analyzed in a meaningful way for interpretation. When constructing a data table you need 
to be sure to include both the independent and dependent variables. 

 � Independent variable

 � Also called the explanatory or controlled variable

 � The variable that the researcher controls or manipulates

 � Not changed by the other variable(s) measured in the experiment

 � Examples: time, distance, velocity, acceleration, concentration, light intensity 

 � Dependent variable

 � Also called the response or experimental variable.

 � The response to the independent variable — what is measured.

 � Example: population growth: The number of individuals in a population will change 
with time, so the growth of the population is a dependent variable since it is 
dependent on time (the independent variable). 

 � Example: If you were interested in the velocity of an object as a function of time, then 
velocity could be a dependent variable, while time would be the independent variable. 
On the other hand, velocity could be an independent variable if you investigated 
acceleration as a function of velocity.

Elements of Effective Data Tables 
You may often use computer software to create data tables to communicate the results of an 
investigation. However, whether you are using software or drawing by hand, you should keep 
in mind the following elements of effective data tables, shown in figure 1.3:

1. A meaningful title: This is a title that informs the reader about the experiment and exactly 
what is being measured.

Table 1.3: Rules for Significant Figures (continued)
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2. Independent and dependent variables: These are typically with the independent variable 
on the left side of the data table and the dependent variables on the right.

3. Units: Be sure that units are clearly indicated for each variable.

4. Data: There should be data for each repeated trial.

Figure 1.3: Elements of Effective Data Tables 

Graphs 
One of the best ways to communicate the results of a scientific investigation is by creating 
a graph of the data that have been counted, measured, or calculated. Graphs can help you to 
easily see patterns more easily through a visual display of data and can also help you clearly 
see how two measured variables affect one another. 

Elements of Effective Graphs 
Just as with data tables you may use computer software to create your graphs. However, 
whether you are using software or graphing by hand, you should keep in mind the following 
elements required of nearly all effective graphs (illustrated in figure 1.4):

1. A meaningful title: This is a title that informs the reader about the experiment and exactly 
what is being measured.

2. Labeled axes with units:

 � The x-axis is the horizontal axis, and it usually denotes the independent variable. 

 � The y-axis is the vertical axis, and it usually denotes the dependent variable.

 � Note that the axes do not always need to denote dependent versus independent 
variables. In physics, we often choose the axes for straight-line fitting so that the 
slope or y-intercept provides physical information. For example, for various satellites 
orbiting the Earth, we might choose to graph period squared (T 2) on the y-axis, and 
radius cubed (R 3) on the x-axis in order to see if the orbits obey Kepler’s third law.

3. Uniform intervals: For example, if one interval on the x-axis corresponds to five minutes, 
each interval must be the same and not change to 10 minutes or one minute. If there is 
a break in the graph, such as a time course over which little happens for an extended 
period, it should be noted with a break in the axis and a corresponding break in the data 
line. It is not necessary to label each interval.

4. Identifiable lines or bars: Using different colors or patterns and including a legend will help 
the reader distinguish one line or bar from the others. You can also label each line or bar. 

Return to  
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5. Origin: The graph should clarify whether the data and any trend lines start at the origin 
(0,0) or not. A trend line should not be extended to the origin if the data do not start there. 
In addition, the line should not be extended beyond the last data point (extrapolation) 
unless a dashed line clearly indicates that this is a prediction about what may (or could) 
happen if additional data were to be obtained.

6. Error bars: For some of the labs you perform in class, you should consider the variability 
(or confidence) of your data in your analysis and use error bars on your graphical displays 
when appropriate (see the discussion of standard deviation and standard error later in 
this chapter).

Figure 1.4: Example of an Effective Graph

Types of Graphs 
Line Graphs
Line graphs are plotted on x-y axes and offer a good visual representation of the relationship 
between two variables; in other words, how one variable is affected by the other as it 
increases or decreases. Line graphs can contain one line or multiple lines that represent 
the data. Clear trends in the data can be seen by the direction of the line(s) on a graph. Line 
graphs are advantageous because they can sometimes allow you to predict the results of 
data that have not yet been collected, since the line implies a continuous response of the 
dependent variable. 

Figure 1.5 shows an example of a line graph. It is a type of rate graph called a progress curve, 
because it shows an amount of a substance on the y-axis and time on the x-axis. There 
are several different curves plotted on the graph and each one is labeled with a different 
temperature.
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Figure 1.5: Example of a Line Graph with Several Sets of Data

If you need additional review on line graphs, try this tutorial:

Khan Academy: Introduction to line plots

Scatter Plots
Scatter plots are plotted on x-y axes and are also used to compare two variables. However, 
in scatter plots, data are presented as an assortment of points that may or may not show one 
or more of the linear relationships between the two variables that are commonly presented 
in line graphs. In order to determine whether there is a linear relationship between the two 
variables, a linear regression (see the Curve Fitting section later in this chapter) can be 
calculated and plotted to help make the pattern clearer. Keep in mind that the data shown in 
scatter plots do not have to have a linear relationship. 

Figure 1.6 is an example of a scatter plot with a linear regression line. Linear regression lines 
can indicate a pattern in the data that may not be apparent by looking at the dots alone. We 
see from the graph that there is a relationship between heart rate and temperature.
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Figure 1.6: A Scatterplot with a Linear Regression Line

To learn more about scatter plots, review these tutorials:

Khan Academy: Constructing a scatter plot

Khan Academy: Regression line example

Histograms
Histograms are plotted on x-y axes and show the distribution of numerical data. Creating this 
kind of graph requires setting up grouped intervals called bins for the range of values tested. 
The range is divided into equal intervals, then the number of measurements that fit into each 
bin are counted and graphed, which results in a frequency diagram. In figure 1.7, the bins 
(i.e., the grouped intervals) are the five-day age ranges plotted on the x-axis: the number of 
flies in each five-day interval is the measurement represented by the height of each bar as 
read from the y-axis.
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Figure 1.7: A Histogram Showing Nonparametric Data

You can use the tutorials below to review creating and interpreting histograms:

Khan Academy: Creating a histogram

Khan Academy: Interpreting a histogram

Bar Graphs
Bar graphs are plotted on x-y axes and are used to compare data: typically they represent 
the summary statistics of a data set, such as the mean or median. Drawn either vertically 
or horizontally, each bar can represent a category or variable. The relationship between 
the variable and each group can be determined based on the height or length of the bars, 
respectively. In figure 1.8, the x-axis shows the categories of leaf habitat (sunny and shady) 
that are being compared, and the y-axis shows the mean width of leaves measured in each 
environmental condition. Note that when the independent variable is numerical, you should 
use a histogram (see the previous section) to represent your data instead of a bar graph.
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Figure 1.8: Example of a Bar Graph

The following tutorials can help you learn more about creating and reading  
bar graphs:

Khan Academy: Creating a bar graph

Khan Academy: Reading bar graphs

Box and Whisker Plots
Box and whisker plots are plotted on x-y axes and are used to look at the range of data that 
has been measured. The advantages of box and whisker plots are that they give you a quick 
idea of the spread (variability) of your data, the skewness (the amount of skew, or asymmetric 
distribution), and how different it is from the other data. Box and whisker plots also provide 
a quick estimate for comparing data sets. A limitation is that you really need at least 10 data 
points per sample in order to construct an effective box and whisker plot.

To construct a box and whisker plot, gather a five-number summary (or five statistical 
summary) of data: the (1) minimum, (2) maximum, (3) median, (4) first quartile, and (5) third 
quartile. You start by numerically ordering your data, and then determine the median, which 
is the number in the middle (or the average of the two middle numbers if the data set contains 
an even number of observations) of the ordered data set. Once this has been done, the data 
can be divided into quartiles then plotted on a graph.

For example, let’s look at the following data set, where researchers measured the percentage 
of leaf decay in bags containing three different types of leaves.
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Bag % Decay

Number Ash Sycamore Beech

1 51 40 34

2 63 33 15

3 44 26

4 52 21

5 48 48

6 32 35 11

7 70 44 19

8 48 63 32

9 57 40

First we numerically order each set of data from least to greatest. Then we find the median, 
which is the number in the middle of this ordered list:

In each case, since there is an even number of data points, the median is the average of the 
two middle points: 49.5 for the ash, 42 for the sycamore, and 20 for the beech. The minimum 
in each data set is the smallest number and the maximum is the largest number.

Once you have determined the median, you then determine the quartiles by dividing each half 
of the data in half:
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So, the five-number summary for this data is as follows:

% Decay: Five-Number Summary

Ash Sycamore Beech

Minimum 32 33 11

Quartile 1 46 37.5 13

Median 49.5 42 20

Quartile 3 60 50 33

Maximum 70 63 34

These five values are used to create a box and whisker plot representing the spread of values 
in a data set. The box and whisker plot for this data is shown in figure 1.9.

Figure 1.9: Example of a Box and Whisker Plot

In the graph, the tops and bottoms of the vertical lines typically show the range of the data 
set. The top of each box shows the upper (third) quartile, the bottom of each box shows the 
lower (first) quartile, and the horizontal line inside the box represents the median.

Return to  
Table of Contents

© 2018 The College Board



Quantitative Skills in the AP Sciences

Graphs 

17

CHAPTER 1

Collecting and 
Reporting Data

The following tutorials can help you learn more about creating and reading  
box and whisker plots:

Khan Academy: Constructing a box plot

Khan Academy: Reading box plots

Summary: Types of Graphs
We have covered several different types of graphs in this chapter. Table 1.4 summarizes all of 
them and the instances in which you would use each one.

Table 1.4: Types of Graphs and When to Use Them
Type of Graph Example Examples of When to Use

Line Graph

 � To track changes over time/
concentration, etc.

 � To compare changes over the same 
time period for multiple groups/
treatments

Scatterplot
 � To compare two variables that may or 
may not have a linear relationship

Histogram

 � To show how values in a data set are 
distributed across evenly spaced (or 
equal) intervals

 � To explore the relationship between 
two or more (in a three-dimensional 
plot) variables

Bar Graph
 � To compare multiple groups/
treatments to each other

Box and Whisker 
Plots

 � To show the variability in your 
sample
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For more detailed information on using Microsoft Excel or Google Sheets for  
graphing, watch the following tutorials:

Create a chart from start to finish

Making a graph in Google Spreadsheet and inserting it into a  
Google Doc
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When you complete a laboratory investigation, it is important to make sense of your data by 
summarizing it, describing the distributions, and clarifying “messy” data. Analyzing your 
data will allow you to do this. 

Working with Data 
Data analysis may involve calculations, such as dividing mass by volume to determine density 
or subtracting the mass of a container from the total mass to determine the mass of the 
contents. Using the correct rules for significant digits during these calculations is important 
to avoid misleading or incorrect results.

When adding or subtracting quantities, the result should have the same number of decimal 
places (digits to the right of the decimal) as the fewest number of decimal places in any of the 
numbers that you are adding or subtracting.

Table 2.1 presents examples and explains how the proper results should be written.

Table 2.1: Writing Your Results When Adding or Subtracting
Example Explanation

3.7 cm + 4.6083 cm = 8.3 cm
The result is written with one decimal 
place because the number 3.7 has only one 
significant digit to the right of the decimal.

48.3506 m – 6.28 m = 42.10 m
The result is written with two decimal places 
because the number 6.28 has only two 
significant digits to the right of the decimal.

(8 km – 4.2 km) + 1.94 km = 6 km
The result is written with zero decimal places 
because the number 8 has zero significant 
digits to the right of the decimal.

Notice that the result of adding and subtracting has the correct number of significant digits if 
you consider significant digits to the right of the decimal. 

When multiplying and dividing a set of numbers, look for the number with the fewest 
significant digits. Your result should have that number of significant digits. Table 2.2 explains 
how to apply this concept.
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Scientific Notation 
When manipulating data, there will be many times when the numbers that you calculate will 
be either too large or too small to be conveniently expressed as decimals. To make it easier 
to work with these very large or very small numbers, scientists use scientific notation. In 
scientific notation, a number is written as a coefficient multiplied by the base 10 raised to 
some exponent. Let’s look at Avogadro’s number to better understand the components:

Example
While performing the Millikan oil-drop experiment, you find that a drop of oil has an excess 
of three electrons. What is the total charge of the drop?

When determining the number of significant digits in the answer we ignore the number of 
electrons because it is an exact number.

Table 2.2: Writing Your Results When Multiplying or Dividing

Example Explanation

5.246 in. × 2.30 in. = 12.1 in.
The result is written with three significant digits 
because 2.30 has three significant digits.

0.038 cm ÷ 5.273 cm = 0.0072 cm The result is written with two significant digits 
because 0.038 has two significant digits.

76.34 m × 2.8 m = 2.1×102 m

The result is written with two significant 
digits because 2.8 has two significant digits. 
[Note that scientific notation had to be used 
because writing the result as 210 would have 
an unclear number of significant digits.]

When calculations involve a combination of operations, you must retain one or two extra 
digits at each step to avoid any round-off errors; at the end of the calculation, you must round 
to the correct number of significant digits. 

An exception to these rules occurs when a calculation involves count data, such as 
the number of times a ball bounces, or the number of waves that pass a point during a 
time interval. As shown in the following example, do not consider exact numbers when 
determining significant digits in a calculation.

coefficient

exponent

base
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The coefficient must be between 1 and 10, and the exponent must be an integer. Very large 
numbers will have a positive exponent, while very small numbers will have a negative 
exponent; for example:

10000 = 1 × 104

1000 = 1 × 103

100 = 1 × 102

10 = 1 × 101

1 = 100

1/10 = 0.1 = 1 × 10-1

1/100 = 0.01 = 1 × 10-2

1/1000 = 0.001 = 1 × 10-3

1/10000 = 0.0001 = 1 × 10-4

So, a number such as 0.00000000000757 would be written in scientific notation as 7.57 x 10-12, 
while a number like 218,000,000 would be written as 2.18 x 108.

Another way of thinking about this is to use the following representation for the place values:

You can rewrite a number in scientific notation by simply using this representation to count 
how many decimal places to move the decimal point. If the number you are converting is 
greater than 10, then the decimal point is moved to the left on the line, while if it is less than 
1, the decimal point is moved to the right. For instance, if you wanted to convert 0.000436 into 
scientific notation, you would start at the base unit — the 1 — then count the decimal places 
you would have to move until the coefficient is between 1 and 10, as shown below.

This tells us that we need to move the decimal point four places to the right:

So, 0.000436 would be written in scientific notation as 4.36 × 10-4. 

For more detailed information on using scientific notation, watch the  
following tutorial:

Khan Academy: Introduction to scientific notation
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Calculations Using Percentages 
Percent Change
When working with data, sometimes we need to compare unequal quantities or scales; in 
order to do this we normalize the data. One way to do this is to compare the percent change 
over time. We use the following formula to calculate percent change:

For example, in the AP Biology Diffusion and Osmosis lab investigation, dialysis bags are 
first filled with a sucrose solution and then placed in water for 30 minutes. We measure the 
mass of each bag before and after it sits in the water for 30 minutes, and report this as a 
percent change in mass. If the mass of a dialysis bag at the beginning of the experiment was 
12.2 g and at the end of the experiment it was 16.7 g, the percent change is

Percent change can also be negative. What if in the previous example the mass at the 
beginning of the experiment was 16.7 g and the mass at the end of the experiment was  
12.2 g? Let’s look at this new calculation:

In the first calculation the positive result indicates that the dialysis bags gained mass. 
However, in the second calculation the negative result indicates that the dialysis bag  
lost mass.

Percent Difference
There are times when you may need to calculate the percent difference between two 
experimental results to see how they compare to each other. To calculate percent difference, 
we use the following formula:

where x1 is the first data point and x2 is the second data point. The numerator is the difference 
between the measurements, and the denominator is the average of the measurements. The 
two vertical lines on either side of the fraction indicate that we are using the absolute value of 
the calculation.
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Percent Error
Percent error is a calculation that is done when you want to compare your results to a known 
or predicted theoretical value. We use the following formula to calculate percent error:

Notice that we are using the absolute value of the difference between the experimental value 
and the theoretical value.

Example
There are two cars traveling at different speeds: one at 25 mph and the other at 33 mph. We 
want to know the percent difference between the speeds of the two cars. The calculation 
would be 

This means that there is a 28% difference between the speeds of the two cars.

Example
Calculate the percent error of a titration of 3.0% hydrogen peroxide  with potassium 
permanganate , as in AP Chemistry Investigation 8: Oxidation-Reduction 
Titration. If we performed this investigation and calculated the concentration of  in our 
sample to be 2.74%, our calculation would be:

This means that our titration yielded data that was in error by 8.67% relative to what was 
expected.

Rate Calculations 
You may occasionally have to determine a rate of change when you are processing data from an 
experiment. Examples include a rate of reaction, growth rate, speed, and acceleration. Each of 
these describes how a quantity changes over time. The change over time can be expressed as

where  represents the change on the y-axis and  represents the change on the x-axis 
(time).
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Example
Suppose you were doing an AP Physics lab and wanted to calculate the magnitude of the 
average velocity (speed) of an object. You would do this by calculating the displacement 
traveled during a particular period of time. So, if you pushed a toy car across the floor and 
it traveled in a straight line from 1.0 meter to 4.0 meters in 8 seconds, you would calculate 
the speed as follows:

Example
Suppose you are doing an AP Chemistry lab and needed to calculate the rate of the 
decompostion of  from 60 to 120 seconds:

Time (seconds) [NO2] [NO] [O2]

0 0.0150 0 0

60 0.0085 0.0027 0.0018

120 0.0071 0.0041 0.0024

Note that the negative sign indicates that the  is being consumed in the reaction. We 
could also calculate the rate using the one of the products:

Notice that the rate of product formation is the same as the rate of consumption of the 
reactant. The rate is positive in magnitude because product is being formed.
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The following tutorials can help you review how to do rate calculations:

Khan Academy: Intro to rates

Khan Academy: Introduction to average rate of change

Linear Relationships and Curve Fitting 
Graphing Data as a Straight Line 
When you plot data on x-y axes, a straight line is the simplest relationship that data might 
have. Graphing data points as a straight line is useful because you can easily see where data 
points belong on the line.

You can represent data as a straight line on a graph as long as you can identify its slope (m) and 
its y-intercept (b) in a linear equation: . The slope is a measure of how y varies with 
changes in . The y-intercept is where the line crosses the y-axis (where x = 0). 

Linearizing Data
Even if the data you measure do not have an apparent linear relationship, you may be able 
to represent the data as a straight line by revising the form of the variables in your graph. 
One method is to transform the equation to represent the relationship so that it has the linear 
form of  by substitution. For powers of x, the data would be in the form . 
To linearize this data, substitute xc for the x in the linear equation. Then you can plot  
as a linear graph. For example, graphing kinetic energy, KE, and velocity, v, for the function 

, yields a parabola, as shown in figure 2.1a. But if we set the horizontal axis variable 

equal to v2 instead, the graph is linear, as shown in figure 2.1b, and the slope is equal to 1/2m 
[Note that “1/2” should be a built-up fraction, with m setting next to it.].

a.  b. 

Figure 2.1: Changing the Variable on the x-axis to Produce a Linear Graph
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If the data is exponential, as in  or is a power of x, as in, , taking the log of 
both sides of the equation will linearize them. For exponential data, the equation you obtain is 

. The data will approximate a line with y-intercept ln(A) and slope b. 

Similarly, for an equation with a power of x, taking the log of both sides of  results in 
. If you plot log(y) versus log(x), the data will approximate a line with 

y-intercept log(a) and slope n, as shown in figures 2.2a and 2.2b.

a.  b. 

Figure 2.2: Linear Graphs of Equations with a Power of x 

Curve Fitting
A useful way to analyze data is to determine whether it corresponds to a certain mathematical 
model. A mathematical relationship or function will allow you to make a prediction if you 
know the function and an initial condition. The first step is to plot the points and see if they 
follow a recognizable trend, such as a linear, quadratic, or exponential function. Figure 2.3 
shows examples of each of these types.

Figure 2.3: Common Mathematical Models
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The general equation of a linear function is , as noted above, in which m is slope 
and b is the y-intercept. For example, a linear function in physics is the time dependence of 
the velocity of an object undergoing constant acceleration, , where the acceleration, 
a, is the slope and the initial velocity, , is the y-intercept. An example of a linear function 
in biology is the amount of oxygen consumption by an endotherm over time at a constant 
temperature. In chemistry, an example of a linear function is the relationship between the 
concentration of a solution and the amount of light that is transmitted through the solution. 

The general equation of a quadratic function is , where a, b, and c are constants. 

An example of a quadratic function in physics is the potential energy of a spring, ,  

where x is the distance the spring is stretched from equilibrium, k is the spring constant, and 
in this case the constants b and c are zero. Another example of a quadratic function is the 

position as a function of time for a constantly accelerating object, , where a is 
acceleration,  is initial velocity, and  is initial position. 

The general equation of an exponential function is , where A and b are arbitrary 
constants. An example of the exponential function in physics is the number of radioactive 
particles left after a certain time of radioactive decay: , where  is the original 
number of particles, and  is the decay rate. Population growth is an example of an 
exponential function in biology and environmental science (see the section on population 
growth later in this chapter).

If the pattern of the data is clearly linear, or if you can plot the data using linearization, you 
can use a straightedge to draw a best-fit line that has approximately the same number of data 
points above and below the line. You can then determine an equation of the line by identifying 
the slope and y-intercept of the best-fit line.

If a more exact equation is desired, or if the data do not clearly follow a linear pattern, you can 
use a graphing calculator or a computer to fit the data to a mathematical model. In this case, 
you input the data and choose the model that you think will best fit the data. This is called 
regression analysis. Regression analysis is a common curve-fitting procedure. An analysis 
using this procedure provides parameters for the equation you have chosen for the fit, as well 
as parameters that describe how well the data fit the model. Figure 2.4 shows the same data 
using a linear model and a quadratic model. The value r2 is the coefficient of determination. 
It indicates how well the model fits the data. A value closer to 1 indicates a better fit. In the 
examples in figure 2.4, both models are a good fit for the data, but the r2 values show that the 
quadratic model is better because 0.9826 is closer to 1 than 0.95492 is.

Figure 2.4: Different Models Have Different r2 Values
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For more detailed information on linear functions, watch the  
following tutorial:

Khan Academy: Comparing linear functions word problem

Descriptive Statistics 
Mean, Standard Deviation, and Standard Error 
You can describe the uncertainty in data by calculating the mean and the standard deviation. 
The mean of a set of data is the sum of all the measurement values divided by the number 
of measurements. If your data is a sample of a population, then the mean you calculate is an 
estimate of the mean of a population. The mean,  is determined using the formula

where x1, x2, etc. are the measurement values and n is the number of measurements.

Standard deviation is a measure of how spread out the data values are. If your measurements 
have similar values, then the standard deviation is small: each value is close to the mean. If 
your measurements have a wide range of values, then the standard deviation is high: some 
values may be close to the mean, but others are far from it. In general, if you make a large 
number of measurements, then the majority of them are within one standard deviation above 
or below the mean. (See the section on confidence intervals for a graph of the standard 
deviation ranges later in this chapter.) 

Since standard deviations are a measure of uncertainty, they should be standard using 
only one significant digit. Standard deviation is commonly represented by the letter s. You 
calculate sample standard deviation using this formula:

When you make multiple measurements of a quantity, the standard error (SE) of the data 
set is an estimate of the precision to which you know the mean of the quantity. The standard 
error is related to how spread out the data is, but it also includes the fact that when you 
measure a quantity many times and take the average of your measurements, you get a more 
precise value than if you only measure the quantity a few times. You calculate standard error 
using this formula: 

Because the number of measurements, n, is in the denominator, the more measurements you 
take, the smaller the standard error.
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Example
Suppose you measure the following values for the temperature of a substance:

Trial 1 2 3 4

Temperature (°C) 20.5 22.0 19.3 23.0

The mean of the data is

The standard deviation of the data is

The SE is

Using one standard deviation, we would report the temperature of the substance as 
, meaning the typical temperature is in a range that is 2° above or 2° below 

the mean temperature. Since we only have a few data values, a standard deviation of 2°C 
shows that most of the data values were close to the mean. However, if we had taken 
a large number of measurements the standard deviation would show that the majority 
(specifically, 68%; see the Confidence Intervals section later in this chapter) of the data 
values were between 19.2°C and 23.2°C. Alternatively, the data could be reported using the 
standard error as . This tells us how our data compare to the true population 
mean with 95% confidence. In other words, because we took four measurements we have 
95% confidence that the average temperature is within 0.8°C of 21.2°C. The standard 
error tells us how confident we are in our determination of the mean, while the standard 
deviation tells us how far we expect any individual measurement to be from the mean.

A graph of your data showing the statistics can clearly summarize the data in a way that is 
easy to understand and interpret.

Example
Suppose you conducted an investigation to determine if English ivy leaves in a shady area 
have a greater width than English ivy leaves in a sunny area. Table 2.3 shows the raw data 
from your experiment.
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Table 2.3: Leaf Measurement Data

Shady Leaves (in cm) Sunny Leaves (in cm)

3.7 3.2

5.2 3.5

5.4 4.1

5.7 4.3

5.8 4.4

5.8 4.6

6.0 5.0

6.1 5.0

6.5 5.2

6.5 5.2

6.6 5.3

6.8 5.4

7.0 5.6

7.3 5.7

7.3 5.7

7.4 5.8

7.7 6.0

7.9 6.0

8.0 6.4

8.1 6.5

8.1 6.7

8.2 6.7

8.3 7.1

8.9 7.1

9.0 7.1

9.4 7.3

9.9 7.5
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Table 2.3: Leaf Measurement Data (continued)

Shady Leaves (in cm) Sunny Leaves (in cm)

9.9 7.9

9.9 8.0

10.4 8.2

The statistics from each experimental group can be calculated and shown in a table such 
as table 2.4.

Table 2.4: Descriptive Statistics

Shady Leaves Sunny Leaves

Mean 7.43 5.88

Standard Deviation 1.63 1.32

N 30 30

Standard Error 0.30 0.24

Using this information, you can graph your data to visually compare the means of the two 
groups of leaves:

Figure 2.5: Comparison of Shady and Sunny Ivy Leaf Width

We see that the mean width of leaves gown in a shady environment is greater than the 
mean width of the leaves grown in a sunny environment. We also see that the error bars  
(± 1 SE) for the two means do not overlap. This supports our claim that the two populations 
are different, in other words, that English ivy leaves grown in a shady environment have a 
greater width than English ivy leaves grown in a sunny environment.
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Confidence Intervals
A confidence interval is a range of values that the true value of the population has a 
probability of being within. If you measure a single quantity such as the mass of a certain 
isotope multiple times, you would expect a small standard deviation compared to the mean: 
the confidence intervals would be narrow. A wide confidence interval in this case would 
indicate the possibility of random errors in your measurements. 

Confidence intervals can be presented in different ways. Figure 2.6 illustrates a commonly 
used method.

Figure 2.6: Confidence Intervals for a Normal Distribution

This method applies only to data that has a normal (bell-shaped) distribution. The mean 
lies at the peak of the distribution. Confidence intervals on either side of the peak describe 
multiples of the standard deviation from the mean. The percentage associated with each 
confidence interval (68%, 95%) has been determined by calculating the area under the curve. 

A wide variety of data types in various subjects follow a normal distribution (i.e., a bell 
curve). In science, normal distributions apply to repeated measurements of a single value, 
such as multiple measurements of fluorescence decay time. A normal distribution is not 
appropriate when more than one central value is expected, or when only a few measurements 
are made.

If you need more information, the following tutorials can help to further  
explain these concepts:

Khan Academy: Measures of spread: range, variance & standard 
deviation

Khan Academy: Standard error of the mean

Khan Academy: Confidence interval 1
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Accuracy, Precision, and 
Experimental Error 
Communication of data is an important aspect of every experiment. You should strive to 
analyze and present data that is as accurate as possible. Keep in mind that in the laboratory 
neither the measuring instrument nor the measuring procedure is ever perfect. Every 
experiment is subject to experimental error. Data reports should describe the experimental 
error for all measured values.

Experimental error affects the accuracy and precision of data. 

 � Accuracy: how close a measurement is to a known or accepted value. For example, 
suppose the mass of a sample is known to be 5.85 g. A measurement of 5.81 g would be 
more accurate than a measurement of 6.05 g because 5.81 g is closer to actual value of 
the measurement. 

 � Precision: how close several measurements are to each other. The closer measured 
values are to each other, the higher their precision.

Measurements can be precise even if they are not accurate. Consider again a sample with a 
known mass of 5.85 g. Suppose several students each measure the sample’s mass, and all of 
the measurements are close to 8.5 g. The measurements are precise because they are close 
to each other, but none of the measurements are accurate because they are all far from the 
known mass of the sample.

Systematic errors are errors that occur every time you make a certain measurement. 

 � They result in measurements that can be inaccurate or incorrect by making 
measurements that are consistently either higher or lower than they would be if there 
were no systematic errors.

 � Examples include errors due to the calibration of instruments and errors due to faulty 
procedures or assumptions; for example, using a balance that is not correctly calibrated.

Random errors are errors that cannot be predicted. 

 � This includes errors of judgment in reading a meter or a scale and errors due to 
fluctuating experimental conditions. 

 � If the random errors in an experiment are small, the experiment is said to be precise. 

 � For example, when having numerous groups of students making temperature 
measurements of a classroom at the same time, they will have random variations due to 
local variation and instrument fluctuation. 
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Quantitative Skills in AP Biology 

This chapter focuses on some of the quantitative skills that are important in your AP Biology 
course. These are not all of the skills that you will learn, practice, and apply during the year, 
but these are the skills you will most likely encounter as part of your laboratory investigations 
or classroom experiences, and potentially on the AP Biology exam.

Surface Area and Volume 
Cells are small because a high surface area to volume ratio allows them to function more 
efficiently. As a cell increases in size, its volume increases faster than its surface area, 
which does not allow it to transport substances across the membrane fast enough to get rid 
of what is unnecessary or obtain substances that are needed. The transport of substances 
across the membrane is largely driven by diffusion, which puts the size limit on the cell. To 
accommodate this, cells have adaptations to increase the surface area to volume ratio, such as 
folding of the cell membrane (e.g., villi in the small intestine).

Example
To calculate the surface area to volume ratio for a spherical cell with a radius of 5 µm, first 
we calculate the surface area:

Next we calculate the volume:

Now that we know the surface area and the volume, we can calculate the ratio:

Alternately, we can simplify the formula first and then calculate the ratio:
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If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: Cell size

Water Potential
Water potential measures the tendency of water to move by osmosis from one area to another, 
and is calculated from two major components, pressure potential and solute potential. The 
equation for water potential is

where  is the water potential,  is the solute potential, and  is the pressure potential. 

Water will always move from an area of high water potential to an area of low water potential. 
The value of water potential can be positive, zero, or negative.

The water potential of pure water in an open beaker is zero ( ) because both the solute 
potential and pressure potential are equal to zero (  and ). Increasing the amount 
of solute in water will increase solute potential, which in turn will decrease water potential. 
An increase in pressure potential (pushing) will increase water potential, while a decrease in 
pressure potential (pulling) will decrease water potential. 

Example
To calculate the surface area to volume ratio of a cuboidal cell where each side is 5µm, 
again, let’s first calculate the surface area:

Then we’ll calculate the volume:

Now let’s calculate the surface area to volume ratio:

The spherical cell in these examples is smaller than the cuboidal cell and has a higher 
surface area to volume ratio, making it more efficient at diffusion than the cuboidal cell.
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If you need more information, the following tutorials can help to further  
explain these concepts:

Khan Academy: Osmosis

Bozeman Science: Water potential

Hypothesis Testing 
Hypothesis testing refers to procedures used by scientists to reject or fail to reject statistical 
hypotheses. It helps us attend to uncertainty and deal with random error in data collected 
during an investigation. There are two types of statistical hypotheses: 

 � Null hypothesis (H0): the hypothesis that there is no difference between two groups of 
data in an investigation and that the experimental observations are the result of chance

Example
Suppose you wanted to know whether water would go from an area where  to an 
area where , or vice versa. 

Because water flows from areas of high water potential to areas of low water potential, 
water would go from an area where  to an area where .

In an open system, the pressure potential is zero, so the water potential of a solution can be 
calculated from the solute potential, , using the following formula:

where i is the ionization constant, C is the molar concentration of the solution, R is the 
pressure constant ( ), and T is the temperature in kelvins.

Example
Suppose you wanted to know what the water potential is of a 1.5M sucrose solution at 22oC 
under standard atmospheric conditions. (Note: The ionization constant for sucrose is 1.0 
because it does not ionize in water.) 

First you would need to calculate the solute potential:

Since the pressure potential is zero, the water potential is equal to the solute potential. 
Therefore, .
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 � Alternative hypothesis (HA): one of several hypotheses that experimental observations 
are the result of some nonrandom cause

Chi-Square Goodness of Fit Test 
The chi-square test is a statistical method that is used to determine if there is a significant 
relationship between two groups of data: observed values are compared to expected (or 
theoretical) values to determine if any variance from the expected data could be due to chance. 
It is called a goodness of fit test because we are checking to see if our results match up to 
a known or theoretical outcome of proportions for multiple categories. The chi-square test 
tests the null hypothesis. The null hypothesis is the claim against which we are looking for 
evidence in an investigation, specifically that the population proportions are what we would 
expect given random chance. For example, if we were rolling a standard six-sided die, our null 
hypothesis would be that the proportion of 1’s, 2’s, 3’s, 4’s, 5’s, and 6’s would all be 1/6. The 
alternative hypothesis would be that at least one of these proportions is not equal to 1/6.

The formula for chi-square is

where o is the value of the observed data, and e is the value of the expected data. Sigma (∑) is 
an indication that the repeated calculations that follow it should be added together. 

The chi-square test is used for count data (i.e., data that is not measured) and is often used to 
analyze the results of genetic crosses. 

Example
If you crossed two pea plants that were heterozygous for yellow seed color (Y = yellow,  
y = green), you would expect the phenotypic ratio of the offspring in the next generation to  
be 3:1. This means that if you collected 100 seeds, you would expect 75 yellow seeds and  
25 green seeds. This is our null hypothesis: that there is no difference between the 
phenotypic ratios in our cross and what is expected by Mendelian theory.

If you actually collected 69 yellow seeds and 31 green seeds, is that close enough to what 
is expected that you can say your results are consistent with the theory — that the deviation 
in your results is likely due to chance? What if you collected 65 yellow and 35 green seeds?

We can calculate the chi-square value for these data to answer the question:

Categories o e (o−e)2/e

Yellow 69 75 0.48

Green 31 25 1.44

Now that we know what our chi-square value is, we can compare it to the critical value 
found in table 3.1. 
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If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Chi-square distribution introduction

Table 3.1: Critical Values of the Chi-Square Distribution

Probability
(p)

Degrees of Freedom

1 2 3 4 5

0.05 3.84 5.99 7.82 9.49 11.1

0.01 6.64 9.21 11.3 13.2 15.1

0.001 10.8 13.8 16.3 18.5 20.5

 � If the chi-square value is lower than the critical value, we will fail to reject our null 
hypothesis: the data we observed fits well with the data we expected. 

 � If the chi-square value is higher than the critical value, we will reject our null 
hypothesis: our observed data does not fit well with our expected data.

 � The probability, or p value, is used to tell us how often results like ours could occur 
under the null hypothesis if only chance is at play.

In order to use the critical value table, we need to know our degrees of freedom, which 
is the number of categories minus one. For our example, we have 1 degree of freedom 
because we have two categories. Using the table, we find that the critical value for 1 degree 
of freedom at a p-value of 0.05 is 3.84. Our chi-square value of 1.92 is less than this critical 
value, so we fail to reject our null hypothesis. This means that our observed data for this 
cross is within a 3:1 phenotypic ratio.

We can follow the same logic for the second cross:

Categories o e (o –e)2/e

Yellow 65 75 1.33

Green 35 25 4

Our chi-square value of 5.33 is higher than the critical value of 3.84 at p = 0.05 and our null 
hypothesis is rejected. This means that the offspring of the cross in this experiment did 
not yield a 3:1 phenotypic ratio. This does not mean that if we were to do this cross again 
we would get the same result: we might get a different result. If that were to happen we 
would need to repeat our experiment several times so that we have an aggregate of data to 
analyze. The more data we have, the more confident we can be in our results.
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Mathematical Modeling 
Mathematical models can be used to investigate the relationships that occur in nature. The 
Hardy–Weinberg theorem helps us to understand the relationship between allele frequencies 
in populations of organisms and evolutionary change, specifically how populations can 
change over time and what might happen to a population in the future.

Hardy–Weinberg Equilibrium 
The Hardy–Weinberg theorem states that the allele frequencies of a gene (at a specific locus) 
in a population will stay the same from one generation to the next as long as the following 
requirements are met:

 � No mutations occur.

 � No movement into or out of the population occurs.

 � The population is large.

 � Mating is random.

 � No natural selection occurs.

This means the following factors can disrupt Hardy–Weinberg equilibrium:

 � Mutations

 � Gene flow

 � Genetic drift

 � Nonrandom mating

 � Natural selection

The changes in the allele frequencies of a population over time can be studied 
mathematically. Let’s start with a gene pool of A’s and a’s, where A is the dominant allele and 
a is the recessive allele.

We can define p as the frequency of A and q as the frequency of a. Since the total frequencies 
of all alleles must equal 1, then p + q = 1. This means, for example, that if 60% of the alleles in 
a population are A, then the frequency of A is 0.6 and the frequency of a is 0.4.

The following are all the possible combinations of A and a in the population: AA, Aa, aA, aa. 
We can use a Punnett square to determine the frequencies of these combinations (i.e., the 
genotypes in the next generation):

A

(p)

a

(q)

A

(p)

AA

(p2)

Aa

(pq)

a

(q)

aA

(qp)

Aa

(q2)

The frequencies of the genotypes in the population must also equal 1. The equation that 
describes this is

This can be simplified to
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where p2 is the frequency of the dominant genotype, q2 is the frequency of the recessive 
genotype, and 2pq is the frequency of the heterozygous genotype. This is the  
Hardy–Weinberg equation.

Using the previous example, if 60% of the alleles in a population are A, we can calculate all of 
the genotypic frequencies:

 

 

 

 

Example
If we assume that a population is in Hardy–Weinberg equilibrium for a particular locus, 
we can apply the Hardy–Weinberg equation to other questions, such as, if an autosomal 
recessive disease affects three in 100 people of a population, what is the frequency of 
carriers in the population?

We know that three out of 100 people are affected by an autosomal recessive 
condition — this is the frequency of aa, which is q2:

If q2 is 0.03, then we can calculate the frequency of the recessive allele:

Since p + q = 1, we can now use this information to calculate the frequency of the dominant 
allele:

Since the disease is autosomal recessive, this means that the heterozygous individuals in 
the population are carriers of the disease. Now that we know the frequency of each allele in 
the population, we can calculate the frequency of the carriers:
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If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Allele frequency

Population Growth 
Populations can experience unlimited growth when resources are abundant, but this is rarely 
the case in nature.

The change in the size of a population over a given amount of time mostly depends on 
the number of births and the number of deaths that occur within it. This can be written 
mathematically as

where ΔN is the change in the population, Δt is the change in time, B is the number of births, 
and D is the number of deaths.

In a given population, the per capita rate of increase, r, can be written as

The equation for the change in population size can now be written as

Two basic models of population growth are the exponential growth and the logistic growth 
model:

 � Exponential growth model: A population increases in size when r is constant and 
greater than zero:

where rmax is the maximum per capita rate of increase and N is the size of the population. In 
other words, the population (usually a small one) grows at a fixed rate.

 � Logistic growth model: A population increases in size until r approaches zero as the size 
of the population reaches its carrying capacity:

where K is the carrying capacity of the population. The carrying capacity is the maximum 
population size that can be supported by a particular environment at a certain point in time 
without disruption to the habitat.
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Exponential growth example
Suppose a population of 100 bacteria is experiencing exponential growth: The current birth 
rate is 22 bacteria per day and the current death rate is 15 individuals per day. We want to 
calculate the growth of this population over 30 days.

First, let’s calculate the per capita rate of increase:

Now, let’s calculate the growth rate for day one:

This means that 70 bacteria are added the first day. So, for the second day, we start with  
170 bacteria. Using this same equation, we can calculate the size of the population for the 
next day:

If we repeat this calculation until day 10, we will see the following for our population growth:

Day Number of Bacteria

0 100

1 170

2 289

3 491

4 835

5 1420

6 2414

7 4103

8 6976

9 11859

10 20160
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If we continued this for the next 30 days, the growth of our population would look like this:

Figure 3.1: Exponential Growth of a Bacterial Population

If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: Exponential and logistic growth in populations

Logistic growth example
Say that the same population of bacteria from the previous example is experiencing logistic 
growth at the same rate, but the carrying capacity of the environment is 2000 bacteria. Let’s 
calculate the growth rate of the population under these circumstances:

The growth rate is slower under these circumstances due to the limited availability of 
resources.
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Quantitative Skills in AP Chemistry 

This chapter focuses on some of the quantitative skills that are important in your AP 
Chemistry course. These are not all of the skills that you will learn, practice, and apply during 
the year, but these are the skills you will most likely encounter as part of your laboratory 
investigations or classroom experiences, and potentially on the AP Chemistry Exam.

Stoichiometry 
When carrying out chemical reactions, you must use the balanced chemical equation to 
determine the masses of the reactants that are needed or the masses of the products that are 
formed. 

Example
Propane is the gas used in many home grills. How many grams of water (molar mass = 
18.01 g/mol) are produced if 50 g of propane, , (molar mass = 44.1g/mol) is burned to 
produce carbon dioxide and water?

First, let’s write the unbalanced chemical reaction equation:

Next, let’s balance the equation:

Now we can set up our dimensional analysis (see the dimensional analysis section in 
Chapter 1) to solve our problem:

The above dimensional analysis includes ratios based on the molar mass of the 
compounds, such as , and ratios based on the balanced chemical 
reaction equation, such as 4 mol of H2O are produced for every 1 mol of  that is 
consumed.

Limiting Reactant
The limiting reactant will be completely consumed at the end of a chemical reaction. The 
amount of product formed in the reaction depends on the amount of this reactant that is 
present at the beginning of the reaction.
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If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: Stoichiometry

Dilutions
Stock solutions are concentrated forms of solutions that are stored until they are needed for 
use in the laboratory. A dilution is when a concentrated solution is made less concentrated 
(diluted) prior to being used in the laboratory.

In order to determine how to dilute a solution, the following equation is used:

where M1 is the concentration of the solution before dilution, V1 is the volume of the 
concentrated solution, M2 is the concentration after dilution, and V2 is the volume of the 
diluted solution.

Example

Methane gas reacts with chlorine gas to form dichloromethane and hydrogen chloride, as 
represented by the equation above. A 25.0 g sample of methane gas is placed in a reaction 
vessel containing 2.58 mol of . Identify the limiting reactant when the methane and 
chlorine gases are combined, then calculate the total number of moles of CH2Cl2(g) in the 
container after the limiting reactant has been totally consumed.

First, find the number of moles of Cl2(g) required to react with the 25.0 g of :

Since 3.12 mol are needed, but only 2.58 mol of  are in the reaction vessel,  is the 
limiting reactant. Calculate the number of moles of  in the container once the 

 has been totally consumed.

There will be 1.29 mol  in the container once the —the limiting  
reactant—has been totally consumed.
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Atomic Structure 
Electromagnetic radiation, such as sunlight, microwaves, and X-rays, is one way that energy 
travels through space as waves. Waves are characterized by wavelength, frequency, and 
speed. 

 � Wavelength: the distance between two consecutive peaks (or troughs) of a wave. 

 � Frequency: the number of waves that pass through a specific point in space per second. 

There is an inverse relationship between wavelength and frequency, which is represented by:

where  is the wavelength,  is the frequency, and c is the speed of light, which is 

. The unit for frequency is Hertz (Hz) with 1 Hz = 1/sec.

Electromagnetic radiation occurs in particles called photons, and the energy of a photon is 
related to the frequency of the radiation through the equation

where E is energy, h is Planck’s constant ( ), and  is the frequency of the 
radiation. Because the energy states of molecules are quantized, molecules can only absorb 
photons with specific values of energy. By determining the energy of the absorbed photons, 
we can gain insight into the allowed energy states of the molecule.

Example
Describe the procedure for diluting a 0.10M solution of  to a concentration of 
0.035M using distilled water, a 100 mL volumetric flask, and a pipet or buret. Include 
specific amounts where appropriate.

You would need to pipet 35 mL  into the 100 mL volumetric flask, then 
add enough water to reach the 100 mL mark on the next of the volumetric flask. Then you 
would stopper the flask and thoroughly mix the diluted solution.

Example
Suppose a molecule absorbs light with a wavelength of 572 nm. We can determine the 
energy of the photons in this light as follows:

First, let’s convert nanometers to meters:
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Then, let's calculate the energy of the photons:

 

If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: Photon energy

Gases, Liquids, Solutions 
Ideal Gas Law 
The ideal gas law describes the condition of a gas at a particular point in time and is 
expressed by the equation

where P is pressure, V is volume, n is the number of gas molecules, R is the universal gas 
constant ( ), and T is the temperature in kelvins.

Example:
Ozone serves to block harmful radiation that comes from the sun. In the upper atmosphere, 
ozone molecules decompose as they absorb (UV) radiation, as shown by the following 
equation: 

A molecule of  absorbs a photon with a frequency of . How much energy, 
in joules, does the  molecule absorb per photon?
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If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: Ideal gas equation: PV = nRT

Dalton’s Law of Partial Pressure 
Dalton’s law of partial pressures states that for a mixture of gases in a container, the total 
pressure of the system is the sum of the pressures of the gases within the container. The 
equation for this law is

where PA, PB, PC represent the partial pressures of the individual gases in the container.

Example
One liter of a compound with the empirical formula CH2Br has a vapor density of   
at 375 K and . Determine the molar mass of the compound.

Calculate the molar mass of the gas.

Example
Solid carbon and carbon dioxide gas at 1,160 K were placed in a rigid 2.00 L container, and 
the reaction represented here occurred: 

As the reaction proceeded, the total pressure in the container was monitored. When 
equilibrium was reached, there was still some C(s) remaining in the container. Results are 
recorded in the table below.
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If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: Dalton’s law of partial pressure

Time
(hours)

Total Pressure of Gases in Container at 1,160 K 
(atm)

0.0 5.00

2.0 6.26

4.0 7.09

6.0 7.75

8.0 8.37

10.0 8.37

a. Write the expression for the equilibrium constant, Kp, for the reaction.

b. Calculate the number of moles of  initially placed in the container. (Assume 
that the volume of the solid carbon is negligible.)

c. For the reaction mixture at equilibrium at 1,160 K, the partial pressure of the 
 is 1.63 atm. Calculate the partial pressure of , and the value of the 

equilibrium constant, Kp.

a. Equilibrium constant:

b. The number of moles of CO2(g) initially placed in the container:

c. The partial pressure of CO(g), and the value of the equilibrium constant, Kp:
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If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: Vapor pressure

Example
Calculate the vapor pressure at 25°C of a solution prepared by dissolving 142.0 g of 
sucrose (molar mass = 342.3 g/mol) in 500 mL of water. At 25°C, the density of water is 
0.9971 g/mL and the vapor pressure is 23.8 torr.

First, calculate the number of moles of sucrose and water:

Then find the mole ratio:

Now, find the vapor pressure:

Raoult’s Law 
Raoult’s law states that the partial vapor pressure of a component in a mixture is equal to 
the total pressure of the system multiplied by the mole fraction of the component. This is 
expressed by the equations

where PA and XA represent the vapor pressure and mole fraction of the component of interest, 
respectively, and Ptotal is the total vapor pressure of all gases in the solution:

Adding a nonvolatile solute to a solution causes the vapor pressure of the solvent to decrease.
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Example

This reaction is one that contributes significantly to the formation of photochemical smog. 
Calculate the quantity of heat released when 73.1 g of  (molar mass = 30.01 g/mol) is 
converted to .

First calculate the number of moles  in 73.1 grams:

Then calculate the amount of heat released:

Temperature 
Temperature is measured using three scales:

 � Fahrenheit (oF), where water freezes at 32o and boils at 212o.

 � Celsius (oC), where water freezes at 0o and boils at 100o.

 � Kelvins (K), where water freezes at 273 K and boils at 373 K.

Since the size of the degree is the same for both the Celsius and kelvin scales, it is easy to 
convert between the two using the following equation:

In order to convert between the Celsius and Fahrenheit scales, use the following equations:

Mass Relationships 
The number of moles in a substance can be calculated using the following equation:

where m is the mass of the substance in grams, and M is the molar mass of the substance in 
grams per mole.
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Density 
Density is an intensive physical property of a substance that is defined at a particular 
temperature and pressure, and is the mass of the substance per unit volume. This can be 
represented as

where D is the density, m is the mass of the substance, and V is the volume of the substance.

Example
The density of aluminum is 2.70 g/mL. Calculate the volume of 11.4 g of aluminum.

Beer’s Law 
Beer’s law states that the amount of light absorbed by a solution is proportional to its 
concentration. It is represented by the following expression: 

Example
Convert 76oF to degrees Celsius and then convert the degrees Celsius to kelvins.

Fahrenheit to Celsius: Celsius to kelvins:

If you need more information, the following video can help to further  
explain this concept:

Khan Academy: Converting Fahrenheit to Celsius
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Example
The graph below represents the data from measuring the absorbance of five different 
concentrations of . The absorbance of an unknown solution of  is 0.375. What is 
the concentration of the solution?

By reading the graph, we can say that the concentration of the unknown solution is  
0.065 M.

If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Spectrophotometry introduction

Kinetics
Chemical kinetics is the study of reaction rates. If we consider a reaction that involves a 
single reactant:

Example
Calculate the concentration of a solution made from a chemical that has an absorbance of 
0.64, a path length of 1.2cm, and a molar absorptivity constant of 1.7/M·cm.

where A is absorbance, a is the molar absorptivity (or absorbance coefficient), b is the path 
length of the cuvette or test tube, and c is the molar concentration of the solution. This 
indicates a direct relationship between absorbance and concentration: as the concentration of 
a solution increases, its absorbance will also increase.
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Example
Consider the following reaction:

A rate study of the reaction represented above was conducted at 25°C. The data that were 
obtained are shown in the following table:

Experiment
Initial [NO]

(mol L-1)
Initial [Br2]

(mol L-1)

Initial Rate of 
Appearance of 

NOBr (mol L-1 s-1)

a. Calculate the initiate rate of disappearance of Br2(g) in experiment 1.

b. Determine the order of the reaction with respect to each reactant.

c. For the reaction, write the rate law that is consistent with the data and calculate 
the value of the specific rate constant, k, with units.

the rate of the chemical reaction is the change in the concentration of a product or reactant 
per unit time:

The rate law for this reaction is

where [A] is the molar concentration of the reactant, k is the rate constant, and n is the order 
of the reaction. For a first order reaction, the concentration of the reactant as a function of 
time is expressed by the equation

where ln is the natural logarithm, and t is time.

The half-life of a first-order reaction is given by the equation

In this case, the half-life is not dependent on the initial concentration of the reactant.

For a second order reaction, the integrated rate law is expressed as

continued
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d. The following mechanism was proposed for the reaction:

Is this mechanism consistent with the given experimental observations? 

a. Initial rate of disappearance of  in experiment 1:

The rate of  loss occurs at  the rate of  formation, so

b. Order of the reaction with respect to each reactant:

Comparing experiments 1 and 2, [ ] remains constant, while [ ] doubles, and the rate 
doubles; therefore, rate α [ ]1, and the reaction is first order with respect to [ ].

The reaction is second order with respect to [ ] because when we compare experiments  
2 and 3

Therefore, the reaction is second order with respect to [ ].

(c) Rate law and calculation of the value of the specific rate constant, k, with units.

The rate law for the reaction is

The rate constant can be calculated as follows:

Is the proposed mechanism consistent with the given experimental observations?

The proposed mechanism

shows a reaction that is first order with respect to [NO] and first order with respect to 
[Br2], as those are the reactants in the rate-determining step. We already know that the 
reaction is second order with respect to [NO], so this mechanism is not consistent with the 
experimental observations.
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Equilibrium
Chemical Equilibrium
Most chemical reactions proceed to completion, but many, such as those that occur in closed 
systems, reach a state of chemical equilibrium, where the concentrations of reactants and 
products remains constant over time. A reaction that is in equilibrium has not stopped; rather, 
the reactants and products are in a dynamic state where the rate of the forward reaction is 
equal to that of the reverse reaction. So, even though bonds are being formed and broken, 
there is no net change in the number of molecules on either side of the reaction. For a 
hypothetical reaction,

where A, B, C, and D represent chemical species and a, b, c, and d are their coefficients in the 
balanced reaction equation, the equilibrium expression is

where K is the equilibrium constant and the brackets represent the molar concentrations of 
the reactants and products.

Example
For the reversible reaction,

the equilibrium expression is

Example
A saturated solution is prepared by adding excess PbI2(s) to distilled water to form 1.0 L 
of solution at 25°C. The concentration of Pb2+ (aq) in the saturated solution is 1.3 × 10−3 M. 
The unbalanced chemical equation for the dissolution of PbI2(s) in water is

Write the equilibrium expression for the balanced equation, calculate the molar 
concentration of I-(aq) in the solution, and calculate the value of the equilibrium constant.

If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: Introduction to kinetics
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If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: Reactions in equilibrium

Gas Equilibrium 
Equilibria for reactions involving gases can be described using partial pressures. For the 
same reaction as above, if the reactants and products are gases, the equilibrium partial 
pressures of the gases is

where Kp is the pressure equilibrium constant, PA and PB are the partial pressures of the 
reactants, and PC and PD are the partial pressures of the products. 

The balanced equation is

The equilibrium constant for the equation is

By stoichiometry, the molar concentration of I- in the solution is

Thus, the value of the equilibrium constant is

Example
A sample of solid  is placed in a rigid 1.500 L flask. Chlorine gas, , is added, 
and the flask is heated to 862°C. The equation for the reaction that takes place and the 
equilibrium-constant expression for the reaction are
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If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: Calculating equilibrium constant Kp using partial 
pressures

Acids and Bases 
Acids are proton acceptors. The reaction of an acid dissolving in water is

In this reaction HA is the acid, H2O is the base, H3O
+ is the conjugate acid and A− is the 

conjugate base. This reaction can be simplified to

The equilibrium expression for this reaction is

where Ka is defined as the acid dissociation constant.

When the system is at equilibrium, the partial pressure of  is 1.007 atm and the 
partial pressure of  is 9.73 × 10-4 atm. Calculate the partial pressure of  at 
equilibrium and the value of Kp for the system at 862°C.

To calculate the partial pressure:

By stoichiometry, the partial pressure of O2 at equilibrium at 862°C is

The value of the equilibrium-constant Kp for the system at 862°C is
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Bases are proton donors. The reaction of a base dissolving in water is

In this reaction HA is the acid, H2O is the base, H3O
+ is the conjugate acid and A- is the 

conjugate base. This reaction can be simplified to

The equilibrium expression for this reaction is

where Kb is defined as the acid dissociation constant.

Example
Hydrofluoric acid, , dissociates in water as represented by the following equation:

Write the equilibrium-constant expression for the dissociation  in water and then 
calculate the molar concentration of  in a 0.40M HF(aq) solution.

The equilibrium expression for the dissociation  in water is

The molar concentration of  in a 0.40M  solution is

pH 
Water can behave both as an acid and as a base. The reaction for the autoionization 
(dissociation) of water is

This reaction can be simplified to
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The equilibrium expression of this reaction at 25oC in pure water is

where Kw is the dissociation constant for water. In pure water,  and the solution is 
neutral. When  the solution is acidic, and when v the solution is basic.

The pH scale measures the acidity of a solution and range from 0 to 14. A solution with a pH 
less than 7 is an acid, and a solution with a pH greater than 7 is a base. The pH scale is a log 
scale, where

This means that a solution that has a [H+] concentration of  has a pH of 5:

Likewise, the pOH of a solution, which indicates how basic it is, can be expressed as  

This means a solution with an [OH-] concentration of  has a pOH of 9:

Because both scales are based on a log 10, a change in the concentration of either [H+] or [OH-]  
by a power of 10 will result in a change of 1 in the pH or pOH, respectively. This means that 
a solution of pH 5 is 10 times more acidic than a solution at pH 6 and 100 times more acidic 
than a solution at pH 7. 

The pH scale ranges from 0 to 14, therefore, for any aqueous solution at 25oC

Other quantities are also represented using a log scale:

Another way to define pH is in terms of pKa:
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Example
Methylamine, , is a weak base that reacts with water according to the following 
equation:

A student obtains a 50.0 mL sample of a methylamine solution and determines the pH of 
the solution to be 11.77.

Write the expression for the equilibrium constant, Kb, for methylamine and then calculate 
the molar concentration of  in the 50.0 mL sample of the methylamine solution.

The equilibrium expression for Kb is

The molar concentration of OH− in the 50.0 mL sample of the methylamine solution can be 
calculated by two different methods.

Method 1:

Method 2:
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If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: pH, pOH of strong acids and bases

Thermochemistry/Electrochemistry
Specific Heat Capacity
Every substance has its own specific heat capacity—the amount of heat required to change 
the temperature of 1 gram of the material by 1 degree Celsius. The amount of heat absorbed or 
released by the substance can be calculated using the following equation:

where q is the amount of heat, m is the mass of the substance, c is the specific heat capacity, 
and T is the temperature. This means that as a substance gets hotter ( ), it absorbs heat  
(q > 0); conversely, as it gets cooler ( ), it loses heat (q < 0).

Example
Calculate the amount of heat absorbed by a 387-g sample of water that is heated from 9.7oC 
to 68.2oC. The specific heat of water is .

If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: Specific heat and latent heat of fusion and 
vaporization

Entropy
Entropy is a thermodynamic quantity that represents the dispersal of energy in a system 
through the motion of particles; it describes the disorder of a system, which is favored in 
nature. High entropy indicates increased disorder. This is the basis of the second law of 
thermodynamics, which states that the entropy of the universe increases during spontaneous 
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Example

This reaction is one that contributes significantly to the formation of photochemical smog. 
Use the data in the table below to calculate the value of the standard molar entropy, So,  
for  at 25oC.

Standard Molar Entropy, So

(J K-1 mol-1)

210.8

240.1

If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Introduction to entropy

Enthalpy
Enthalpy is a measure of the heat of a thermodynamic system. The standard enthalpy of reaction 
is the difference between the standard enthalpies of formation of the products and the standard 
enthalpies of formation of the reactants, and is represented by the following expression:

processes and does not change during equilibrium processes. The standard entropy of 
reaction is described by the following equation:

The unit for S o is J K-1 mol-1. You can look up the standard entropy values of compounds in 
your textbook in order to calculate .
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The enthalpy of reaction can be either positive or negative; for an endothermic reaction  
is positive, and for an exothermic reaction  is negative. The standard state is at 1 atm and 
25oC. The SI unit for enthalpy is kJ per mole.

Example

Iron reacts with oxygen to produce iron (III) oxide, as shown in the equation above. The 
reaction shown below also produces iron (III) oxide.

Calculate the standard enthalpy of formation, , of .

If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Enthalpy

Free Energy
Free energy is the energy that is available to do work as a result of a chemical reaction. The 
standard free energy of reaction is the change in free energy for a reaction that occurs under 
standard conditions, and is represented by the following expression:

When ΔG o is negative the given reaction is spontaneous, and when ΔG o is positive the 
reaction is nonspontaneous. When ΔG o is zero, the system is in equilibrium.

Example
Calculate the standard free energy change for the following reaction:
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The values of  for the reactants and products of this reaction are

Let’s plug these numbers into our formula, remembering to take the stoichiometry of the 
reaction into account:

Example

Iron reacts with oxygen to produce iron (III) oxide, as shown in the equation above. The 
standard free energy of formation  of  is -740 kJ/mol at 298 K. Calculate the 
standard entropy of formation of  at 298 K.

Enthalpy and entropy are factors that , as shown in the following equation:

where  is the change in enthalpy and  is the change in entropy.

The free energy of a reaction that generates electricity is influenced by the emf, or 
electromotive force, as shown by the following expression:

where n is the number of electrons in moles, F is Faraday’s constant ( ), and 
Eo is the standard emf.
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Current
Current is the rate of charge moving past a given point in a conductor. It is represented by

where I is the current, Q is the charge, and t is time in seconds. The (SI) unit of current is 
ampere (A):

where C is the Coulombs of charge, and s is time in seconds.

Example
At 25oC,  decomposes according to the following equation:

Calculate the value of the standard free energy change, , for the reaction at 25oC.

Since ΔG is negative, this reaction is spontaneous and the reaction will produce an electric 
current.

Example
Determine the current in SI units, if a mole of electrons passes by a reference point in one 
hour.

This gives a current of

This is a very large current! It demonstrates that a mole of charge is a very large quantity of 
charge.
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Quantitative Skills in  
AP Environmental Science 

This chapter focuses on some of the quantitative skills that are important in your AP 
Environmental Science course, in addition to all of the skills covered in chapters 1, 2, and 3. 
The skills in this chapter are not all of the skills that you will learn, practice, and apply during 
the year, but these are the skills you will most likely encounter as part of your laboratory 
investigations or classroom experiences, and potentially on the AP Environmental Science 
Exam.

Primary Productivity in Ecosystems
The primary productivity of an ecosystem is the rate at which organic compounds are stored. 
Primary producers convert the energy from sunlight into organic compounds by the process of 
photosynthesis:

Gross primary productivity (GPP) is the rate at which plants convert solar energy into 
chemical energy (organic compounds). Net primary productivity (NPP) represents the energy 
in the organic compounds left over for consumers after the primary producers meet their own 
needs through cellular respiration:

where R represents the energy that is used for cellular respiration. 

There are three ways to measure primary production:

 � Amount of carbon dioxide used

 � Rate of oxygen production

 � Rate of glucose production

The efficiency of photosynthesis can be calculated from the net primary productivity using the 
following equation:

where the insolation energy is the average daily incident solar energy.
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If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: Energy flow & primary productivity

Survivorship Curves
Survivorship curves are graphs that show the relative survival rates of a cohort of organisms 
at different ages. There are three types of survivorship curves (also illustrated in figure 5.1):

 � Type I survivorship curve: Shows high survival rates throughout a species life span 
(flat curve at younger ages), with a high rate of death at advanced ages. Organisms that 
demonstrate this pattern include animals that have few offspring but invest high levels of 
parental care, such as large mammals.

 � Type II survivorship curve: Shows a constant decline of survivorship in a species’ life 
span. Organisms with this kind of survivorship include annual plants, small mammals, 
invertebrates, and lizards.

 � Type III survivorship curve: Shows low survivorship in early age, with few members 
reaching old age. These organisms generally have large numbers of offspring and the 
parental investment is low. Examples include marine organisms and some plants. 

Example
On a maize farm in Ethiopia, the insolation energy is 5,654,875 calories/m2/day. The 
gross productivity of the rice is 0.02742g/cm2/day, and 35% of the energy is lost due 
to respiration. There are 4000 calories in 1 gram of maize. Calculate the net primary 
productivity of the maize and the efficiency of photosynthesis of the maize.
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Figure 5.1: Survivorship Curves

Survivorship curves differ for K-selected versus r-selected species, with K-selected species 
typically following a type I or type II curve, and r-selected species following a type III curve.

If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: Human population growth

Populations 
Population Growth
Populations can experience unlimited growth when resources are abundant, but this is rarely 
the case in nature.

The change in the size of a population over a given amount of time mostly depends on 
the number of births and the number of deaths that occur within it. This can be written 
mathematically as

where  is the change in the population,  is the change in time, B is the number of births, 
and D is the number of deaths.
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In a given population, the per capita rate of increase, r, is equal to

The equation for the change in population size can now be written as

Two basic models of population growth are the exponential growth model and the logistic 
growth model:

 � Exponential growth model: A population increases in size when r is constant and greater 
than zero:

where rmax is the maximum per capita rate of increase and N is the size of the population. 
In other words, the population (usually a small one) increases by a fixed rate.

 � Logistic growth model: A population increases in size until r approaches zero as the size 
of the population reaches its carrying capacity:

where K is the carrying capacity of the population. The carrying capacity is the maximum 
population size that can be supported by a particular environment at a certain point in time 
without disruption to the habitat.

Exponential growth example
Suppose a population of 100 bacteria is experiencing exponential growth: the current birth 
rate is 22 bacteria per day and the current death rate is 15 individuals per day. Calculate 
the growth of this population over 30 days.

First, let’s calculate the per capita rate of increase:

Now, let’s calculate the growth rate for day one:
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This means that 70 bacteria are added the first day. So, for the second day, we start with 
170 bacteria. Using this same equation, we can calculate the size of the population for the 
next day:

If we repeat this calculation until day 10, we will see the following for our population 
growth:

Day Number of Bacteria

0 100

1 170

2 289

3 491

4 835

5 1420

6 2414

7 4103

8 6976

9 11859

10 20160

If we continued this for the next 30 days, the growth of our population would look like this:
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If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: Exponential and logistic growth in populations

Calculation of Doubling Time
When a population is experiencing exponential growth, the time it takes for the population to 
double, called doubling time, can be calculated using the rule of 70, which is expressed as

where t is doubling time in years, and r is the growth rate expressed as a percentage. For 
example, if a population is growing exponentially at a rate of 14% per year, it will take five 
years for the population to double in size:

Logistic growth example
Say that the same population of bacteria from the previous example is experiencing logistic 
growth at the same rate, but the carrying capacity of the environment is 2000 bacteria. Let’s 
calculate the growth rate of the population under these circumstances:

The growth rate is slower under these circumstances due to the limited availability of 
resources.
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Calculation of Population Growth Rate
This equation can also be used to calculate the rate at which a population is growing. For 
instance, if a population in exponential growth doubles its population in eight years, its rate 
of growth is

If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: Exponential and logistic growth

Interpretation of Age-Structure Diagrams 
Age-structure diagrams tell us how fast a given population is growing; for example, the 
population of a state, province, or country. These diagrams are generated by plotting the 
percentage of males and females in three categories of ages, or cohorts: prereproductive  
(0–14), reproductive (15–44), and postreproductive (45–85+). Individuals of the population in 
the prereproductive years and reproductive years have the potential to have children, which 
will increase the size of the population. Individuals in the postreproductive years are no longer 
having children and are therefore not contributing to the growth of the population.

For example, in figure 5.2, Country X has the largest rate of population growth. This 
is because there is a greater percentage of the population in the prereproductive and 
reproductive years than in the postreproductive years. Country Y shows the smallest rate of 
population growth because the percentage of the population in each of the three cohorts is 
about equal in size.

We can also see that Country X has a higher infant mortality rate than Country Y or Country 
Z, because the youngest members of the population are not surviving to adulthood. From this, 
we can infer that Country X is probably an unindustrialized or developing country (LDC), 
which usually has a higher infant mortality rate, while Country Y and Country Z probably are 
industrialized or developed countries (MDC), which usually have a lower infant mortality rate. 
This is typically due to uncontaminated drinking water, better nutrition, better healthcare, and 
the education of women.
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Figure 5.2 Age Structure Diagrams for Hypothetical Countries X, Y, and Z

If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: Life tables, survivorship, & age-sex structure

Energy Resources and Consumption 
Determination of Half-Life 
The half-life of a substance is the time it takes for 50% of the substance to decay, and is 
represented by the following formula:

where N(t) is the amount of substance at time t, N0 is the initial amount of the substance, and 
t1/2 is the half-life of the substance in years.
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Example
After 100 million years, only 1/32 of the original amount of a particular radioactive waste 
will remain. The half-life of this radioactive waste is how many million years?

Pollution 
Interpretation of Dose-Response Curves 
A dose-response curve shows the effect of a toxic chemical on an organism or population. 
The concentration of the substance is its dose and the effect is the response. This relationship 
is typically shown in a graph like figure 5.3, which shows the effect of CuSO4 on a population 
of brine shrimp. 

Figure 5.3 LD50 Test for CuSO4

From this graph we can determine the threshold level of toxicity of CuSO4 as well as its 
LD50. The threshold level of toxicity is the dose below which no toxic (or lethal) effects 
are observed and/or above which toxic (or lethal) effects are apparent. In figure 5.4, 0.001% 
CuSO4 is the threshold level of toxicity because there is an observable increase in the death of 
brine shrimp after that concentration. 
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The LD50 is the lethal dose of a toxic substance or chemical that kills 50% of the test 
population (test organisms/specimens). Similar to the LD50 is the ED50, which is the amount 
or dose of a toxic substance or that causes an observable or undesirable effect or desired 
symptom in 50% of the test population (test organisms/specimens) without killing them.

In figure 5.3 the 10 brine shrimp that are already dead at even the lowest concentration of 
CuSO4 are the control group; this is natural mortality based on the threshold level of toxicity. 
So, the test population is 90 brine shrimp and 50% of this test population is 45 brine shrimp. 
Therefore, according to the data plotted on the graph, the LD50 for brine shrimp in a CuSO44 
solution is at a CuSO4 concentration of 0.1%. This corresponds to the deaths of the control 
population (10 shrimp) plus the test population (45 shrimp), which equals 55 dead brine 
shrimp.
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CHAPTER 6

Quantitative Skills in AP Physics 1

This chapter focuses on some of the quantitative skills that are important in your AP Physics 
1 course. These are not all of the skills that you will learn, practice, and apply during the year, 
but these are the skills you will most likely encounter as part of your laboratory investigations 
or classroom experiences, and potentially on the AP Physics 1 Exam.

Geometry and Trigonometry Review 
When solving problems in physics, you will need to use certain geometry and trigonometry 
concepts and skills: we’ll start this chapter with a review of these.

Rectangles
A rectangle has four sides and four right angles. Its opposite sides are parallel and equal in 
length (if all four sides have equal length, it is a square).

The area of a rectangle is a measure of the space inside the shape and is measured in square 
units. It is represented by the following equation:

where A is the area, b is the length of the base and h is the height:

Example
Calculate the area of a rectangle where the base is 5 cm and the height is 4 cm.
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If you need more information, the following tutorials can help to further  
explain these concepts:

Khan Academy: Perimeter and area

Khan Academy: Volume of rectangular prisms

Triangles
Triangles have three sides and three angles. The sum of all of the angles within a triangle is 
180o. The area of a triangle is represented by the following equation:

Example
Calculate the volume of a rectangular solid with a length of 8 cm, width of 3 cm, and a 
height of 4 cm.

A rectangular solid is a three-dimensional object that has six rectangular faces. The volume of 
a rectangular solid is represented by the following equation:

where V is the volume, l is the length, w is the width, and h is the height:
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where A is the area, b is the base, and h is the height.

Example
If the base of the triangle is 12 cm and its height is 8 cm, then the area of the triangle can 
be calculated as follows:

Right Triangles
Right triangles have one 90o angle, as shown: 

The base is represented by side b and the height is represented by side a; side c is called the 
hypotenuse. For a right triangle, the square of the hypotenuse (the side opposite the right 
angle) equals the sum of the squares of the two sides. This is the Pythagorean theorem:

Using this equation, you can find the length of any side if you know the length of the other 
two sides. 

Example
If the length of side c is 5 cm and the length of side a is 4 cm, find the length of side b:
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If you need more information, the following tutorials can help to further  
explain these concepts:

Khan Academy: Intro to the Pythagorean theorem

Circles
A circle is a two-dimensional figure with no vertices, where all points on the line are 
equidistant from the center. A line from one end of a circle to the other that passes through 
the center is called the diameter. The distance from the center to the edge of the circle 
is called the radius. The radius is half the length of the diameter. The area of a circle is 
represented by the following equation:

where A is the area, r is the radius (the distance from the center to the circumference), and p 
is an irrational constant that is equal to 3.14159265359, commonly rounded to 3.14.

Example
Calculate the area of a circle with the radius r = 25 cm.

Example
Determine the circumference of a circle with the radius r = 25 cm.

The circumference of a circle is its perimeter. It is represented by the formula:

where C is the circumference.
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The arc length is the portion of the circumference that is included in the arc. It is represented 
by the following equation:

where s is the arc length and  is the angle of the arc in radians. 

A radian is the measure of angle such that there are  radians in one full circle or 360 
degrees. The arc length for an angle of 60 degrees (1/6 of the circle’s circumference) of a circle 
with a radius of 25 cm would be

Notice that 26.2 cm is 1/6 of the circumference (157 cm) determined above.

If you need more information, the following tutorials can help to further  
explain these concepts:

Khan Academy: Radius, diameter, and circumference

Khan Academy: Arc length (radians)

Cylinders
The volume of a cylinder is represented by the equation:

where V is the volume and l is the length of the cylinder. 

Return to  
Table of Contents

© 2018 The College Board



Quantitative Skills in the AP Sciences

Geometry and Trigonometry Review 

82

CHAPTER 6

Quantitative 
Skills in AP 

Physics 1

The surface area of a cylinder is represented by the equation the surface area of the two ends 
(circles) plus the surface area of the side (which is a rectangle), and is given by the following 
equation:

If you need more information, the following tutorial can help you review  
these concepts:

Khan Academy: Cylinder volume and surface area

Spheres
A sphere is a symmetrical shape with no edges or vertices, where all points on the surface are 
equidistant from the center. 

The volume of a sphere is represented by the equation:

The surface area of a sphere is represented by the equation:

If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: Volume of a sphere
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AP Physics 1 Topics

Kinematics 
Vectors
Vectors are mathematical representations that show the direction and magnitude of certain 
physical quantities. The use of vector mathematics is necessary to add, subtract, or perform 
certain vector products. The Pythagorean theorem and the trigonometric functions can be 
useful in determining unknown quantities with vector addition.

Example

The addition of vectors  and  are shown in the figure above giving the resultant vector . 
This is represented using vector notation in the following way: 

The magnitude of vector  is 205 units. The angle between vector  and vector  is given 
as 40 degrees. Determine the unknown magnitudes (lengths) of vectors  and . 

To determine the magnitude of vector  we can use the cosine function:

Similarly, to find the magnitude of vector  we can use the sine function:
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If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: Intro to vectors and scalars

Velocity and Acceleration 
Kinematic equations are relationships between velocity, acceleration, time, and position. 

Velocity measures the rate of change of position with time. The acceleration of an object is 
the rate of change of velocity with time. Displacement, position, velocity, and acceleration are 
vector quantities. The measurement of these quantities also depends on a frame of reference 
being defined. 

The following kinematics equations model the mathematical relationships between position, 
velocity, acceleration, and time for constant acceleration motion. 

The relationship between velocity and time for constant acceleration in one dimension is 
represented by the following equation:

Where  represents the final velocity of the object after accelerating over a time interval t 
from an initial velocity . The symbol  represents the acceleration in the x-direction (or any 
one dimension) and t represents the elapsed time or time interval.

Example
At some point in time (t = 0 seconds) a car has a speed of  moving in the positive 

x-direction. The car begins to accelerate at a rate of  in the +x direction for a time 

interval of five seconds. Determine the final velocity of the cart at the end of the five-second 
time interval.

The car has a velocity of 20 m/s to the right at the end of the five-second interval.

The relationship between position and time for constant acceleration in one dimension is 
expressed by the following equation:

where x represents the final position of an object after accelerating for a specific amount of 
time and x0 represents the starting position of the object.
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Example
A train initially at rest leaves the station accelerating at  in the +x direction for a time 

interval of 50 seconds until it reaches its maximum velocity. Determine the position of the 
train after 50 seconds.

Example
A car has a velocity of 30 m/s in the +x direction when it is located at the x = 10 m mark. 

The car begins to brake with an acceleration of .

Determine the velocity of the car when it passes the 160 m mark.

So when the car reaches the 160 m mark it still has a positive velocity to the right of  
17.3 m/s.

The relationship between velocity and position for an object accelerating in one dimension is
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If you need more information, the following tutorials can help to further  
explain these concepts:

Khan Academy: Acceleration

Khan Academy: Deriving displacement as a function of time, 
acceleration, and initial velocity

Dynamics
Applying Newton’s Second Law 
Both force and acceleration are vector quantities. When more than one force is applied to an 
object, the net force is calculated. The net force is the vector sum of the forces applied to the 
object, and Newton’s second law can be expressed in the following way:

where  represents the sum of all the forces acting on the object in the direction of the 
acceleration and m represents the mass of object on which the forces are being exerted. 
The SI unit of force is the newton and a newton has the following relationship to the other 

fundamental units: .

Example
A boy exerts a 25 N force on a wagon with a mass of 2 kg to the right that is parallel to 
the ground. A frictional force is also acting on the wagon in the opposite direction. The 
magnitude of this frictional force is 23 N. 

Determine the acceleration of the wagon.

The acceleration of the cart is 2 m/s2 directed to the right.
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If you need more information, the following tutorials can help to further  
explain these concepts:

Khan Academy: Newton’s second law of motion

Khan Academy: Balanced and unbalanced forces

Friction 
Frictional forces occur when two surfaces are interacting by contact. A common example of a 
typical frictional force that would be explored in AP Physics 1 would be the friction developed 
when the sole of an athletic shoe interacts with the floor. There are two types of frictional 
forces (kinetic friction and static friction) and the type depends on the type of interaction.

Kinetic Friction
Kinetic friction exists when the two surfaces in contact are in relative motion to each other. 
An example of this would be a book sliding down the hallway: the frictional force would be 
acting on the book to bring the book to rest as it slides. The kinetic frictional force  is 

dependent on only two physical factors. The first factor is the contact force  between 

the two surfaces (also called the normal force). The second factor is the quality of friction 
between the two surfaces, which is represented by the physical property called the coefficient 
of friction, which is a dimensionless physical constant represented by the symbol . The 
following is the relationship for kinetic friction:

One important feature of working with friction is that the direction of the frictional force is 
determined independently. The direction of a kinetic frictional force is always in the opposite 
direction of the relative motion of the two surfaces.

Example
A wooden block of mass 10 kg is pushed to the right with a force F as shown: 

The coefficient of kinetic friction between the wooden block and the horizontal surface  
is . Determine the kinetic frictional force acting on the block.
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Static Friction
The force of static friction occurs when the two surfaces in contact are not in relative motion 
to each other. The force of static friction can be any value (necessary) up to some maximum 
value. This means that only the maximum static frictional force can be determined by a 
relationship and for all other values (less than maximum) the static frictional force can only be 
determined by applying Newton’s laws to the system. The relationship for the static frictional 
force is

If you need more information, the following tutorials can help to further  
explain these concepts:

Khan Academy: Normal force and contact force

Khan Academy: Static and kinetic friction example

Here is a free-body diagram of the forces acting on the block.

The block is in equilibrium in the vertical direction that gives:

From this we can determine the magnitude for the normal force:

Now the definition of kinetic friction can be applied to determine the magnitude of friction.

This gives us the value of the kinetic frictional force acting on the block in the above 
situation and the direction of that force is to the left (as shown in the free-body diagram), 
which is the opposite of the direction of movement of the block.
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Hooke’s Law/Force Exerted by a Spring 
A spring exerts a linear restoring force opposite to the direction of the displacement of a mass 
attached to a spring. This relationship for this linear restoring force is also called Hooke’s law.

 is the force exerted on a spring, k is the spring constant indicating the stiffness of 
the spring, and  is the displacement as the spring is stretched or compressed from its 
equilibrium position. The negative sign represents the restoring part of the relationship. If a 
spring is pulled to the right by some external force and the spring is displaced to the right, 
then the spring responds to this stretching by exerting leftward force. It is a force that always 
tends to restore the spring system back towards the equilibrium position.

Example

A person grabs the box shown above and slowly pulls the box to the right. A spring with 

a spring constant  is attached to the box. Determine the force the spring exerts 

on the block when the block is at the position of x = 0.03 m from the equilibrium position 

(shown in the figure).

When the box reaches the position of x = 0.03, the precise force due to the spring can be 
determined.

The negative sign is significant as it shows the direction of the spring force acting on the 
box—a force directed to the left.

If you need more information, the following tutorials can help to further  
explain these concepts:

Khan Academy: Intro to springs and Hooke’s law

Khan Academy: Potential energy stored in a spring
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Universal Law of Gravitation 
The universal law of gravitation describes the interaction between (large) objects, such as a 
planet and a moon. The direction of the force is always attractive between the objects. The 
gravitational force depends on three physical factors: the mass of each object and the distance 
from the center of one object to the center of the other object. 

where  is the magnitude of the gravitational force between two objects. G is the universal 

gravitational constant .

Example
An object of mass (m = 100 kg) rests on the Earth’s surface. The distance between the 
objects’ center of mass and the center of mass of the Earth is the Earth's radius. The mass 
of the Earth is , and the radius of the Earth is . Calculate 
the magnitude of the gravitational force between the object and the Earth.

If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Introduction to Newton’s law of gravitation

Gravitational Field 
One way to define  is to use the definition of a field. A gravitational field can be defined as 
the ratio of the gravitational force acting on a mass to the mass. It can be expressed as
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If you need more information, the following tutorials can help to further  
explain this concept:

Khan Academy: Introduction to gravity

Khan Academy: Gravity at the Earth’s surface

Khan Academy: Gravitation (part 2)

Objects Moving in Uniform Circular Motion 
An object that moves in a circular path of radius r at a constant speed v will have an acceleration 
associated with its constantly changing direction of motion. This acceleration is always directed 
radially towards the center of the circular path and is called the centripetal acceleration. The 
magnitude of the centripetal acceleration is defined by the following relationship:

Example
A physics student is attempting to work with the whirly gig lab. This lab has the student 
whirl around a small metal ball attached to a light string and tube system. The ball is 
traveling at a constant speed and makes a full revolution once every two seconds. 

Determine the centripetal acceleration of the ball.

First, the speed of the ball needs to be determined from the information:
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If you need more information, the following tutorials can help to further  
explain these concepts:

Khan Academy: Visual understanding of centripetal acceleration 
formula

Energy 
Kinetic Energy 
Kinetic energy is the energy associated with moving objects. Kinetic energy is expressed as

where K represents the kinetic energy of an object due to its velocity. The SI unit for energy is 

the joule ( ).

Now that the speed is known, the centripetal acceleration can be determined with the 
relationship:

The acceleration is directed inward towards the center of the circular path.

Example
A 0.250 kg cart has a speed of 2 m/s. 

Determine the kinetic energy of the cart.
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Work and Energy Relationships 
Energy is a physical quantity that measures the ability for an object or system to do work 
on another object or system; in order to change the total energy of an object or system, work 
must be done on the object. This relationship can be shown by the work–energy theorem:

Work is done on an object only by the component of a force parallel or anti-parallel to the 
direction of motion. Work is also defined in the following way:

 is the force parallel to the direction of motion of the object, d is the magnitude of the 
displacement, F is the magnitude of the force, and θ is the angle between the force and the 
displacement vectors.

Example 

A box of mass, M, is pulled to the right at a constant speed as shown in the diagram. The 
magnitude of the applied force is . The angle between the applied force vector 
and the horizontal is 37 degrees and distance the force acted on the box is d = 1.5 m. 
Determine the work done on the box by the applied force.

Applying the definition of work:

The work done by force  is + 12 J. Keep in mind work can be negative. When work is 
negative this means that energy is being transferred from the system.

If you need more information, the following tutorials can help to further  
explain these concepts:

Khan Academy: Introduction to work and energy

Khan Academy: Work and energy (part 2)
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Gravitational Potential Energy (Low Earth Altitude) 
Gravitational energy, , is the energy contained in a system of Earth and a mass, m, due to 
the position, y, of the mass in Earth’s gravitational field. The change in gravitational potential 
energy gained or lost by a mass in the system is represented by the following expression:

Example
An object of mass  is lifted from the ground to a height of 2.2 m. 

Calculate the change in gravitational potential energy of the Earth–object system.

The object gained 43.1 J of gravitational potential energy by being lifted to a height of  
2.2 m above the ground.

Gravitational Potential Energy (Universal Law) 
When an object of mass, m, is interacting with the mass of Earth, , (or other planetary-size 
object) at distances greater than the radius ( ) of the Earth, the potential energy  of the 
Earth–mass system is represented with the following expression:

The reference point of zero potential energy is defined as an infinite distance from the 
center of the Earth. The negative sign in the definition shows the attractive nature of the 
gravitational force with respect to the function and the reference point. Keep in mind the 
universal law version of gravitational potential energy of a planet–object system is used in 
cases where the distances are great and in cases where the distances involved are in a regime 
of a nonconstant gravitational field.

Example
The Earth–moon system is a good system to explore the potential energy relationship. The 
moon is essentially a satellite captured by the Earth, and it maintains an approximately 
constant gravitational potential energy. We can calculate this potential energy.

The mean Earth–moon distance is .

The mass of the moon is .
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Example

Using the example from the gravitational potential energy section, assume the object was 
lifted the 2.2 meters in a total time of 0.5 seconds. Determine the power developed during 
this action.

Power 
Power is the rate at which energy is transferred to a system or object or transformed within a 
system. Power is represented by the following relationship:

Where  is power,  is the change in energy, and  is an interval of time. The SI unit of 

power is the watt ( ).

The mass of the Earth is .

Compute the gravitational potential energy of the moon at this location.

This takes on more significance when compared to some other gravitational energy at 
another position. Comparing the change in potential energy when a satellite is moved to 
another position is usually a more useful calculation when working with potential energies 
of planetary objects.

If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Power
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Spring Potential Energy 
Potential energy is due to the relative position of parts of a system. A single object does not 
possess potential energy. The system of which the object is a part has potential energy due 
to the interactions and relative positions of its constituent objects. For a mass–spring system 
this potential energy, , is defined by the following expression:

The spring constant is represented by  and  is the distance the spring is stretched or 
compressed from equilibrium position of the mass–spring system.

Example
A spring with a spring constant of  is stretched a distance of  from the 

equilibrium position of the mass–spring system. 

Calculate the potential energy stored in the mass–spring system.

If you need more information, the following tutorials can help to further  
explain these concepts:

Khan Academy: Intro to springs and Hooke’s law

Khan Academy: Potential energy stored in a spring
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Momentum and Impulse 
Momentum
Linear momentum is a physical property of a moving object. The definition of momentum is

Momentum is a vector quantity that points in the same direction as the velocity vector of a 
moving object. The units of momentum are 

Example

A truck of mass 800 kg moves down the road to the right with a constant velocity of 24 
m/s. Determine the momentum of the truck.

, directed to the right.

Newton’s second law can be shown in using momentum. The impulse  acting on an object 
of mass, , is represented by . Impulse is related to the change in momentum of an 

object. The SI unit for impulse is . The unit of  is equivalent to . The following 

relationship relates impulse acting on an object to the change in momentum of that object:

Impulse
The impulse is always directed in the same direction as the change in the momentum of the 
object. In AP Physics 1 the force acting on an object relating to an impulse would either be an 
average force or a force of constant magnitude.

Example
A field goal kicker strikes a football of mass m = 0.4 kg with an average force . The 
kicker’s foot is in contact with the football for 0.05 seconds and the football leaves the foot 
with a speed of 20 m/s. 

Calculate the magnitude of the impulse and the average force of kicker’s foot on the ball .
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If you need more information, the following tutorials can help to further  
explain these concepts:

Khan Academy: Introduction to momentum

Khan Academy: Impulse and momentum dodgeball example

Rotational Motion 
Angular Position and Angular Displacement 
Angular position can be measured in various ways: a degree measurement, a fraction of 
a circle, etc. However, in physics, the SI unit for angular measurement is the radian. The 
radian is easy to work with since it is based on the unit circle:  radians is equivalent to 360 
degrees. In order to execute mathematical and physical manipulations in rotational motion, all 
measurements need to be made in radians.

Uniform Angular Acceleration
The kinematic relationships that govern the relationships of an object translating with a 
uniform acceleration are also true in the rotational version of uniformly accelerated angular 
motion. The general definitions of average velocity and average acceleration are as follows:

Angular displacement: 

Angular velocity: 

Angular acceleration: 

The other uniform acceleration relationships are similar:

The relationship with position and time: 

This impulse is positive and directed along the velocity vector’s direction.

Now, to determine the .

The force is directed along the direction of the velocity vector.
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If you need more information, the following tutorials can help to further  
explain these concepts:

Khan Academy: Angular motion variables

Khan Academy: Rotational kinematic formulas

Example
A fan is turned on and accelerates with an angular acceleration  for a 10-second 
interval of time. Calculate the following:

a. The number of rotations the blade made in the first 10-second interval.

b. The angular velocity of the blade at 10 seconds.

c. The average angular velocity of the blade over the 10-second interval.

a. Using the displacement and time relationship, the displacement of the fan blade 
can be determined in radians.

Now, change the radian measurement into revolutions:

So, the fan blade makes almost 12 revolutions in the 10-second timer interval.

b. The angular velocity of the blade at the 10-second point is determined using the 
velocity/time relationship:

c. The average angular velocity of the fan blade is determined using the following 
relationship:

This is more often represented as: 

The relationship with velocity and time: 

The relationship that relates velocity and displacement: 
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Newton’s Second Law for Rotating Objects
Angular acceleration is the rate at which the angular velocity changes as a result of an 
applied torque. The relationship between angular acceleration, torque, and rotational inertia 
is the rotational equivalent of Newton’s second law. This law is analogous to Newton’s second 
law for a linearly moving object and is represented in the following way:

where  is the angular acceleration of an object or system of objects and  is the sum of the 
applied torques on the system.  is defined as the rotational inertia of the system.

Torque
An object or rigid system that can revolve or rotate about a fixed axis will change its rotational 
motion when an external force exerts a torque on the object. The torque depends on the 
magnitude and direction of the force and where the force is applied. The product of this force 
and perpendicular distance between the point of rotation and point of application is defined 
as torque: 

where  is the torque applied to an object,  is the perpendicular distance from where the 
force is applied to the point of rotation,  is the magnitude of the position vector,  is the 
magnitude of the force applied to the object, and  is the angle between the position and 
force vectors when the two vectors are drawn from a common origin. Torque is a vector and is 
either clockwise (CW) or counterclockwise (CCW), and it is measured in the SI unit .

Example

A rod of 2 m in length is shown on a frictionless table. The view in the figure above is 
from the top down. A force of  is applied at one end of the rod. The force supplies 
a torque to the rod that tends to rotate the rod CCW about an axis through its center. 
Calculate the value of the torque acting on the rod.

Apply the definition of torque: 

The rod has a torque of  acting on it in the CCW direction about an axis through its 
center.
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Example
Determine the angular acceleration of the rod in the previous example about the axis 
through its center when the torque of 8 Nm is applied to the rod. The rod has a moment of 
inertia .

 in the CCW direction

If you need more information, the following tutorials can help to further  
explain these concepts:

Khan Academy: Introduction to torque

Khan Academy: Rotational version of Newton’s second law

Angular Momentum 
Angular momentum is the rotational analog to linear momentum. An object or extended body 
that has an angular velocity will also have angular momentum. A rotating object or extended 
body having a rotational inertia  will also have angular momentum . This momentum is 
expressed with the following relationship:

The SI unit of angular momentum is . Angular momentum is a vector and can have 

either a clockwise (CW) or counterclockwise (CCW) direction or sense, which is the same 
sense of rotation as the rotating object.

Example
A merry-go-round (seen from above in the figure) has a moment of inertia of  

and is rotating around an axis through its center with a constant angular speed of .

Determine the angular momentum of the merry-go-round about an axis through its center.
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First the angular velocity needs to be measured in rad/s:

Now, apply the definition of angular momentum:

This angular momentum has a CCW sense as shown in the figure.

Change in Angular Momentum
The change in angular momentum  of an object can be described by the angular impulse 
acting on the object. This is the rotational equivalent to the impulse–momentum relationship:

Example
A merry-go-round has a rotational inertia of  and is rotating with a small 

constant angular velocity . A torque of  is applied to the edge of the 

merry-go-round for 10 seconds. Determine the final angular velocity of the merry-go-round 
after the 10-second interval.

First, calculate the angular velocity of the merry-go-round after the 10-second time interval:

Now relate this change to the final velocity by using the definition of angular momentum:

and

The merry-go-round increases its angular velocity from  to  from the application 
of the torque.
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If you need more information, the following tutorials can help to further  
explain these concepts:

Khan Academy: Angular momentum

Rotational Kinetic Energy 
Rotational kinetic energy is the energy of an object or extended body rotating about an axis. 
The equation for rotational kinetic energy is analogous to the translational KE:

Example
Determine the change in rotational kinetic energy experienced by the merry-go-round after 
the 10-second interval in the previous example.

And the initial KE of the merry-go-round is

The final KE of the merry-go-round is

Giving a change in KE of

If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Rotational kinetic energy
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Example
A mass–spring system is oscillating in SHM and the position of the object is represented 
by the following relationship:

Determine the position of the object at the following times:

a. t = 0 sec

b. t = 0.5 sec

c. t = 0.75 sec

a. To determine the position of the object at t = 0 sec:

b. To determine the position of the object at t = 0.5 sec:

c. To determine the position of the object at t = 0.75 sec:

At t = 0.75 sec, the object is at the x = −0.5 m, the amplitude of the motion but at 
the opposite side of the equilibrium point.

Here is a plot of this motion—position versus time for the oscillating mass—that 
illustrates the positions for the times indicated in the example.

Simple Harmonic Motion 
Simple harmonic motion (SHM) occurs when an object is subjected to a linear restoring force 
(such as a force exerted by a spring on an object). The object will oscillate back and forth 
over the same path, with each oscillation taking the same amount of time. The equation that 
expresses the position versus time for SHM is

where  is the position,  is the amplitude (the greatest distance from the equilibrium point), 
 is the frequency of oscillation measured in Hz, and t is the variable of time.
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If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: Equation for simple harmonic oscillators

Period of SHM 
Oscillations occur when a system has a restoring force and is disturbed from a position of 
equilibrium. When the object oscillates back and forth, each vibration takes the same amount 
of time. The time for one oscillation is called the period ( ). The SI unit of period is the 
second. 

Another way to characterize an object in SHM is to use the measurement of frequency. 
Frequency ( ) is defined as the number of oscillations per unit time and the SI unit for 
frequency is Hz (Hz = sec-1). Period and frequency are related in the following way:

The period is also related to another measurement: angular frequency ( ). Angular frequency 

is measured in  and is related to the period in the following way:

Period of Mass–Spring System in SHM 
The period of oscillation of a mass oscillating in SHM attached to a linear spring is 
completely dependent on the characteristics of the spring and the mass. The period does not 
depend on the amplitude of the oscillation. The equation for period is

where  is the period,  is the mass attached to the spring, and  is the spring constant of 
the spring.

Example
A 0.25 kg mass is attached to a spring that has a spring constant of . The spring is 
stretched from its equilibrium and set into motion. 
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Period of a Pendulum 

A simple pendulum consists of a small object of mass, , with mass suspended from the 
end of a lightweight (massless) string of length, , displaced a relatively small angle from the 
vertical (or equilibrium) position. The motion of the pendulum bob is approximately simple 
harmonic motion and can be described mathematically in the same way as a mass oscillating 
on a spring. This implies that the pendulum is periodic and its period depends on the 
physical characteristic of the pendulum system — but not on the mass of the pendulum bob! 
The period of a pendulum is represented by the following relationship:

Example
A small mass of 2 g is attached to a 1.25-meter-long string that is allowed to swing back 
and forth. Calculate the period of the pendulum.

Calculate the period of the spring.

The period of the spring-mass system is approximately one second ( ).

Return to  
Table of Contents

© 2018 The College Board



Quantitative Skills in the AP Sciences

Simple Harmonic Motion 

107

CHAPTER 6

Quantitative 
Skills in AP 

Physics 1

If you need more information, the following tutorials can help to further  
explain these concepts:

Khan Academy: Pendulums

Khan Academy: Period dependence for mass on spring

Khan Academy: Definition of amplitude and period
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CHAPTER 7

Quantitative Skills in AP Physics 2

This chapter focuses on some of the quantitative skills that are important in your AP  
Physics 2 course. These are not all of the skills that you will learn, practice, and apply during 
the year, but these are the skills you will most likely encounter as part of your laboratory 
investigations or classroom experiences, and potentially on the AP Physics 2 Exam.

Wavelength 
The wave equation is a relationship that relates the physical characteristics of a wave to the 
speed of the wave. It is represented by the expression

where  is the wavelength of the waveform (the distance between identical parts of a wave, 
crest to crest), v is the speed of the wave, and f is the frequency or the number of waves 
passing a point in a specific interval of time.

Example
A wave has a frequency of  and travels with a speed of . Calculate the 
wavelength of the wave.

Index of Refraction 
When light moves from one medium into another (e.g., from air into water), the speed of light 
changes. The effect is that the light ray passing at an angle into a new medium is refracted, 
or bent. Refraction is therefore the bending of light as it moves from one optical medium to 
another. The index of refraction, n, of a material is the ratio of the speed of light in a vacuum 
to its speed in the material. The index of refraction is a property of the medium and is a 
dimensionless physical quantity. This relationship is expressed as

The speed of light is a universal constant: .
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Snell’s Law 
The angles of incidence and refraction when light travels from one medium to another can be 
calculated using Snell’s law, which is represented by

where  is the index of refraction of the incident material,  is the angle of incident ray to 
the normal,  is the index of refraction of the refracting material, and  is the angle of the 
refracted ray measured from the normal (see figure 7.1).

Figure 7.1: Angles of Incidence When Light Travels from One Medium to 
Another

Example
Calculate the speed of yellow sodium light in fresh water. The index of refraction for fresh 
water is 1.33.

Example
A ray of light incident in air ( ) is incident at 37° to the normal on the glass bottom 
of a container. If the index of refraction of the glass is 1.4, what is the angle of refraction in 
the glass?
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If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Refraction and Snell’s law

Mirror and/or Lens Equation 
Figure 7.2 shows a typical ray diagram that depicts the image that is formed by a converging 
lens when an object is placed at 30 cm from the lens. 

Figure 7.2: Ray Diagram

The physics of a converging lens is determined by ray optics and geometry, the result of 
which is defined by the lens equation:

where  is the distance of the image,  is the distance of the object, and  is the focal length 
of the lens, which is a property of the lens.

Example
Using figure 7.2, an object located 30 cm from a thin, converging lens has a real, inverted 
image located at a distance of 60 cm on the opposite side of the lens. What is the focal 
length of the lens?

Note: The positive distances are defined as being on opposite side of the lens for images 
formed by the lens. These images are called real images because they are formed by the 
convergence of real light rays.
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Magnification 
The ratio of the height of the image  to the height of the object  is called the 
magnification, M, of the lens. Because of the geometry involved with the optic paths, the 
magnification ratio turns out to be equivalent to the ratio of the image and object distances. 
This relationship is expressed as

Sometimes the magnification relationship is written with a negative sign to represent a real 
or virtual image. The negative magnification would represent a real image that is inverted, 
thus the negative sign. A positive magnification would represent a virtual image that would be 
oriented in the same way as the object’s orientation. For simplicity, the AP Physics 2 equation 
sheet shows the magnification relationship without the negative sign and therefore uses the 
absolute value of M to indicate this.

Example
Using the example from above, assume the height of the object was 5 cm. Determine the 
height of the image and the magnification of the lens.

The magnification of the lens is a factor of 2.

The height of the image is 10 cm or twice as large as the object’s size.

If you need more information, the following tutorials can help to further  
explain these concepts:

Khan Academy: Mirror equation example problems

Khan Academy: Thin lens equation and problem solving
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Wave Interference 

Figure 7.3: Features of a Two-Slit Interference Experiment

Figure 7.3 shows the features of a two-slit interference experiment. The photoelectric 
detector acts as an eye. The interference of the light from each slit would constructively 
interfere at this position showing a bright spot or light of higher intensity as measured by 
the photoelectric detector. The geometry of this example is shown in the figure. One light 
ray incident from the further slit will travel a distance of  longer than the light ray incident 
upon the closer slit. When the condition of constructive interference is met and a bright spot 
is formed on the screen or detected by the detector, then this path length difference  is 
precisely an integral wavelength distance, or:

where m represents the order of the interference, which is an integral, such as 0, 1, 2, etc. The 
order would correspond to the number of the bright spots from the central bright spot and 
central axis.

Example
Light from a laser has a wavelength of 632 nm. Two rays from this source follow paths 
that differ in length. What is the minimum path difference required to cause constructive 
interference?

The minimum path difference for constructive interference occurs when .
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Double-Slit Interference 
Figure 7.4 further amplifies the two-slit interference experiment. The screen is shown with 
bright and dark spots indicating regions of constructive and destructive interference. The 
geometry and lines shown indicate the second order bright spot, which would correspond to 
a path-length difference of . The two-slit relationship uses the geometry shown in the small 
triangle bounded by the lines , the dashed line (perpendicular), and the .

Figure 7.4: Two-Slit Interference Experiment

If using that triangle, a relationship can be shown using the sine of the angle theta:

where  is the path-length difference of  and d is the distance between the two slits.

Now, taking another look at the geometry involved, look at figure 7.5:

Figure 7.5: Two-Slit Experiment

Using this geometry and the fact that the triangle featured here bounded by L, y, and the lines 
drawn give a similar triangle to the smaller triangle shown in figure 7.4, a relationship can 
relate the two triangles. As long as L >> y, then the small angle approximation holds true and 
the following ratio is useful:
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If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Young’s double slit problem solving

Fluids 
Pressure 
Pressure measures the magnitude of normal force per unit area exerted by a fluid. Although 
force is a vector quantity, pressure is not, as the definition of pressure is only related to the 
component of the force perpendicular to the surface in question. The equation for pressure is

The SI pressure unit is the pascal (Pa), . The unit of atmosphere or atm is 

also frequently used in the physics of fluids. The atmosphere is equivalent to the amount of 
pressure due to our atmosphere at STP conditions: 1 .

Example
Monochromatic light illuminates two parallel slits 0.2 mm apart. On a screen 1.0 m from 
the slits, the separation between the first bright fringe and the central fringe is 2.50 mm. 
What is the wavelength of the light?

The ratio  must be equivalent to the ratio  . So,

This would correspond to a light of wavelength 500 nanometers.

Example

A piston with a small weight on top of it, under the influence of gravity, rests vertically in 
equilibrium on a sample of gas contained in a cylinder of 5 cm radius. The total mass of 
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Example
Calculate the pressure on a diver who is located at a depth of 120 m under the ocean’s 
surface. The density of seawater is about 1030 kg/m3.

This turns out to be about 13 times the atmospheric pressure.

Pressure in a Fluid 
Pressure at a depth in a fluid that has a pressure P0 at the top of the fluid (this is usually the 
atmospheric pressure) is given as

 is the pressure measured at the top of the fluid,  is the density of the fluid, g is the 
acceleration due to gravity, and h is the depth measured below the surface.

the piston head and the small weight is 20 kg. What is the absolute pressure on the gas by 
the cylinder?

The pressure on the gas due to the interaction with the piston head can be determined by 
the definition of pressure:

The gas has two different pressures acting on it — the pressure from the atmosphere plus 
the pressure due to the piston — so the absolute pressure acting on the gas is

If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Pressure at a depth in a fluid

Buoyant Force 
Buoyant force is a force due to a fluid’s pressure difference acting on an object in contact with 
or completely submerged within a fluid. Pressure due to a fluid is proportional to depth of the 
fluid. This means that an object with size and scale of appropriate dimensions will have a 
pressure at the bottom of the object that is different than the pressure at the top of the object; 
this difference in pressure is defined as the buoyant force. Archimedes’ principle states that 
the magnitude of the buoyant force is equivalent to the weight of the fluid displaced by the 
object.
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The volume of the submerged part of the object is represented by V and the density of the 
fluid is represented by .

Example
The figure below shows a cup/mass system resting in equilibrium on the surface of water. 

The weight of the cup/mass system is 5 N. Determine the volume of the water displaced by 
the cup.

First, recognize that the cup is in equilibrium. This implies that  as the free-body 
diagram shows in the figure.

Applying the definition of buoyant force gives:

And using the density of water, , gives the volume:

If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Archimedes principle and buoyant force
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Bernoulli’s Principle
Water has a property of being an incompressible fluid. This is an important principle because 
it ensures that the density of water remains a constant under pressure. So a fluid under the 
influence of a gravitational field contained in a container (pipe) can have a conservation 
of energy statement at two points in the fluid that will relate the fluid flow to pressure and 
depth at any point in the fluid. This principle is called Bernoulli’s principle. Essentially 
this statement is an energy per volume statement of the fluid at any point in the fluid. The 
principle states that this energy density remains constant.

 and  are the pressures on a container due to the fluid at points 1 and 2. The 
measurements  and  are heights measured from a common reference point. The speed 
of the liquid at the different points 1 and 2 is represented by the speeds  and . Bernoulli’s 
principle can only be applied to fluids that are incompressible and to fluids that undergo 
laminar flow. Laminar flow refers to a smooth flow of fluid without any viscosity between the 
fluid and the container.

Example
A large open water tank has a hole in the side with a radius of 1.0 cm. The hole is located 
0.5 m below the water level in the tank and a height of 1.0 m above the surface of the table. 

What is the exit speed of the water from the hole? Determine the distance x in the figure.

Take the points P1 and P2 marked in the figure. The pressure at both open points will be 
the atmospheric pressure. The velocity of the fluid at the very top of the container (point 
P1) will approximately be equal to zero; since the area of this surface is so large compared 
to the tiny hole, the water level will be moving with a much smaller speed than the water 
that exits out of the hole on the side of the container. Now apply Bernoulli’s principle to 
determine the exit speed of the water:
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If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Bernoulli’s example problem

Continuity Equation 
Another property of fluid flow (due to the incompressible nature of fluid) is the conservation 
of mass flow. This is expressed as the continuity equation. This relationship relates the fact 
that the amount of mass of fluid flowing past any point in a container containing fluid is a 
constant. This can be expressed by the speed of the fluid and cross-sectional area  of the 
container: .

This leads to the following:

So the water will exit the small opening at a speed of 3.1 m/s. Now kinematics can be 
applied to determine the distance x marked in the diagram. 

To determine the time for the water to hit the surface use the position–time relationship 
realizing that the initial velocity of the water is completely in the horizontal direction.

and, 
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If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Volume flow rate and equation of continuity

Thermal Physics 
Thermal Conduction 
Thermal conduction through matter is a property defined by properties of the matter, the 
dimensions of the material, and the temperature differential of the material. Matter has an 

intrinsic property called thermal conductivity or k measured in  (watts per meter-kelvin). 

The amount of heat transferred through a material exposed to two different temperatures is 
determined by the following relationship:

where  is the amount of heat transferred,  is the surface area of the material exposed to the 
temperature difference,  is the width of the material over which the heat is being transferred, 
and  is the temperature difference measured in kelvin.

Example
Water flows at 6 m/s through a 6-cm diameter pipe that is connected to a 3-cm diameter 
pipe. 

What is the speed of water flow in the smaller pipe? 

The speed of the water at the smaller pipe diameter is four times the speed of the water in 
the larger pipe diameter.
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Ideal Gas Law 
The ideal gas law relates pressure, volume, and temperature for an amount of an ideal gas 
contained in a container. In physics it is sometimes useful to use an alternate expression of 
the law:

In the above definition,  represents the number of moles and  represents the universal gas 

constant . In the alternate expression,  represents the number of particles 

and  represents Boltzmann’s constant, .

Example
One mole of a gas is contained in a sealed container at some unknown pressure. 
The volume of the container is  and the container is held at standard room 
temperature (293 K). Determine the pressure of the gas in the container.

If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Thermodynamics part 2: Ideal gas law

Example
A concrete block of dimensions (0.5 m × 0.5 m × 0.5 m) has one side of the block exposed 
to 293 K (about room temperature) and the other side of the block (outside of the house) 
is exposed to 260 K (below zero!). The thermal conductivity constant of the block is 

. Determine the rate of heat flow out of the house through the concrete block.

The heat flow out of the house through the concrete block is 28.1 joules/second.

If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Thermal conduction
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Example
Calculate the average translational kinetic energy and the root mean squared speed of an 
oxygen gas molecule at room temperature. Assume it behaves as an ideal gas.

This gives us the average translational kinetic energy per oxygen molecule.

To compute the rms-speed or the most probable speed of the oxygen molecule, relate the 
translational kinetic energy relationship to the average kinetic energy value:

And an oxygen molecule ( ) has a mass of 32 amu:

This means the most probable speed of any of the oxygen molecules at a temperature of 
293 K is about 478 m/s.

If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Kinetic molecular theory of gases

Kinetic Energy in a Monoatomic Ideal Gas
The particles in an ideal gas move freely. The mechanical energy of the molecules is equal 
to their average kinetic energy. The kinetic energy is a measure of the average translational 
kinetic energy of the molecules and is proportional to the temperature, , measurement of the 
gas molecules. This relationship is expressed by the following equation:

where 
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First Law of Thermodynamics 
In a closed thermodynamic system — such as an enclosed container of gas with a piston 
head — a general application of the law of conservation of energy can be stated in the first law 
of thermodynamics:

 is the internal energy of the gas,  is the amount of heat transferred into or out of the 
system, and  is defined as the work done on the gas.

Thermodynamic Work
Many thermodynamic processes involve energy changes that occur to gases enclosed in 
cylinders. 

Figure 7.6: Gas Enclosed in a Piston-Cylinder Assembly 

As the piston head either expands or compresses the gas in the chamber at a constant 
pressure, the amount of work done by the piston on the gas as it is compressed is shown in 
the following equation:

where  is the work done on a system,  is the pressure, and  is the change in volume.

Example
In figure 7.6 the piston head is compressed from a height of H to a new height of  at 

a constant pressure of 1 atm. Determine the amount of work done on the gas. Assume 

 and .

Recall that the positive sign for work in thermodynamic processes means that work was 
done on the gas by either the environment or an external force.
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Example
Assume the work done on compressing the piston from  to  is +505 joules as computed 

in the previous example. If this process was done while removing some heat from the 
system ( ), then determine the change in internal energy of the gas during this 
process.

The system of gas particles gained +305 J of internal energy during the compression of the 
gas and removal of some heat.

If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Calculating internal energy and work example

Modern Physics 
Planck Relationship 
In the year 1900, German physicist Max Planck’s idea that the energy contained in a quantum 
of light was in discrete packets or bundles of energy — not a spectrum of energy that was 
continuous (like wave theory would predict) — was a revolutionary idea that ushered in the era 
of modern physics. This is shown in the Planck relation:

where  is the energy of the photon of light;  is Planck’s constant, which is the 
proportionality constant that relates the amount of energy to the frequency of the light:

; and  is frequency of the light measured in Hz.

Example
 1. Calculate the energy in eV, of blue light of wavelength 450 nm.

 2. Calculate the energy of an X-ray photon with frequency. .
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Figure 7.7: Einstein’s Experiment on the Photoelectric Effect

The photoelectric relationship is a statement of conservation of energy in the system:

where  is the maximum kinetic energy of the electrons and  is called the work function of 
the metal. Work function can be measured in eV or Joules.

 3. Determine the wavelength of a gamma radiation of 1.3 MeV.

If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Photon energy

Photoelectric Effect
In 1905, the same year he formulated the special theory of relativity, Albert Einstein proposed 
an explanation for the photoelectric effect for which he received the Nobel Prize in 1921. 
Einstein suggested that an electromagnetic wave’s energy is concentrated in bundles called 
quanta or photons. Einstein applied to these photons the same energy-quantization condition 
that Planck proposed. Figure 7.7 depicts an example of the experiment: the incident light 
strikes a sodium metal surface and electrons are ejected (photoelectrons) and can be stopped 
by the power supply. The experiment showed that the stopping potential is proportional to the 
photon energy and independent of the intensity of the light.

Return to  
Table of Contents

© 2018 The College Board



Quantitative Skills in the AP Sciences

Modern Physics 

125

CHAPTER 7

Quantitative 
Skills in AP 

Physics 2

Example
Part I
Sodium has a work function of . Determine the maximum wavelength of light 
incident on the metal that will just eject a photoelectron.

In order to eject a photoelectron, the energy deposited by the light must be greater than the 
work function. The ejected photoelectron will essentially have no kinetic energy under this 
condition.

So a green light, in the middle of the visible spectrum, will have enough energy to just eject 
a photoelectron.

Part II 
If violet light of wavelength 400 nm is incident on the sodium metal surface, determine the 
stopping potential needed to be supplied to the circuit to fully stop an ejected photoelectron 
of maximum kinetic energy.

First, determine the maximum kinetic energy from the photoelectric relationship:

This means that it is possible for a photoelectron to be ejected with this energy. In order to 
stop this photoelectron a potential difference needs to be set up between the plates. When the 
stopping potential is applied, the potential energy gained by the photoelectrons will be equal 
to the maximum kinetic energy of the photoelectrons, meaning that no photoelectrons will 
reach the cathode.

The power supply will need to apply a voltage of 0.82 volts to stop the photoelectron of 
maximum kinetic energy.

If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Photoelectric effect
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Mass–Energy Relationship 
The mass–energy relationship is one of the most widely recognized scientific equations. It 
shows the relationship that mass has to energy and is sometimes used to describe the rest 
energy of a particle — the energy it has by virtue of having mass and existing as a particle.

The relationship is also used to describe the missing mass, or binding energy, when atoms 
transform spontaneously via radiation or radioactive decay.

Example
A electron is moving with a speed of . Calculate the de Broglie wavelength of 
the moving electron.

If you need more information, the following tutorials can help to further  
explain this concept:

Khan Academy: Photon momentum

Khan Academy: de Broglie wavelength

de Broglie Equation 
Electrons and other subatomic particles have a dual nature: in some experiments particles 
can behave in a particle-like manner, while in other experiments they can exhibit wave-like 
behavior. This is sometimes called the complementary nature of light.

The wavelength of a particle with momentum  can be described by the de Broglie 
relationship:
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Example
Assume a sample of radioactive matter decays over time, and through this decay the 
sample of matter changes by an amount of 0.01 grams. Determine the total amount of 
energy released by the radioactivity.

Assuming all of the mass is converted into radioactive decay (i.e., gamma radiation), the 
mass–energy relationship can be used to determine the amount of total energy released.

This is an incredible amount of energy! This example is not realistic, but it shows the idea 
that large amounts of energy can be given off during some nuclear processes (like fission 
or fusion).

If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Mass defect and binding energy
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CHAPTER 8

Quantitative Skills and 
Advanced Calculus Topics in 
AP Physics C: Mechanics 

This chapter focuses on some of the quantitative skills that are important in your AP Physics C: 
Mechanics course. These are not all of the skills that you will learn, practice, and apply during 
the year, but these are the skills you will most likely encounter as part of your laboratory 
investigations or classroom experiences, and potentially on the AP Physics C Exam.

Vector Products 
Dot Product 
The dot product is also called the scalar product. It is the product that takes two vectors and 
performs an operation where the product’s value is a scalar value. Here is the definition of the 
dot product:

The angle theta is defined as the angle between the two vectors when the two vectors are 
drawn from a common origin.

Figure 8.1 shows the definition of the dot product:

Figure 8.1: Two Vectors (A and B) Drawn in x-y Coordinate Frame
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Vector Products 

Cross Product 
The cross product is sometimes called the vector product. In this vector operation two vectors 
are taken through a process to produce a third vector. Here is one of the definitions of the 
cross product:

The operation looks very similar to the dot product. The angle definition is also the same 
definition as the angle definition defined in the dot product. However, there is an important 
difference besides the obvious (the sine function contribution verses the cosine contribution). 
This difference is that there is a direction to the cross product. That direction is determined by 
the right-hand screw rule. The vector C is defined to be in the direction that is perpendicular 
to the plane created by the two vectors A and B. When rotating A into B with the right hand, 
the thumb will point in the direction of the vector created by the cross product. A good visual 
example of this is to take the cross product of the unit vector  with the unit vector .  
So imagine rotating the x-axis into the y-axis with the right hand, and the thumb is in the 
z-direction. Therefore, the cross product vector is the unit vector . This is because the z-axis 
direction is perpendicular to the plane created by the x-y axes. This is essentially what creates 
our right-handed coordinate systems.

Example
Defining the two vectors in figure 8.1:

and also defining the vectors in unit vector notation:

Using the definition of the dot product stated above, the product of vector A and vector B is

This value of 60 is a scalar value (without direction!) and has the units’ defined physical 
quantity.

There is a second way to compute the dot product. This process is defined by using the 
components of the vectors. Here is this definition:

 Apply this rule to the example given, and we should get the same product result:
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Calculus for AP Physics C

If you need more information, the following tutorials can help to further  
explain these concepts:

Khan Academy: Vector dot product and vector length

Example
Compute the cross product of the previously defined vectors (A and B).

The vector C would have a magnitude of 104 units and a direction in the +z direction. The 
direction is determined by the right-hand rule, so the direction that is perpendicular to the 
plane contained by vectors in the x-y plane is the +z-direction.

Example
Determine an expression for the velocity as a function of time for a ball with a position 

function equal to . 

Calculus for AP Physics C
Derivatives
The derivative allows you to calculate the slope of a function or the rate of change in one 
quantity with respect to another quantity. For example, the slope of a position versus time 
graph would give us the velocity, so by taking the derivative of a position function, we can 
determine the velocity function. 

Power Rule
The power rule allows you to determine the derivative of a function of the form   
where n is a rational number. The power rule states: 

If the position of a ball falling from rest from a height y0 is equal to , the derivative 
of this function will give the velocity function. 
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Example
Find the derivative of the function, .

In this case, the “outside function” is the ½ power (or square root) and the inside function 

is . So the derivative 
 
will be equal to: 

The following tutorial can help you learn more about the power rule:

Khan Academy: Power rule

Chain Rule
For composite functions, the chain rule can help to find the derivative. For a function, 

, where  and , the derivative of y with respect to x is

 This could also be written as: 

A quick and easy way of remembering the chain rule is to think about the function  
as having an “inside function,” , and an “outside function,” . The derivative 
is then the derivative of the outside function (with the inside function left alone), times the 
derivative of the inside function.

 

The following tutorial can help you learn more about the chain rule:

Khan Academy: Chain rule
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Antiderivatives and Definite Integrals
Evaluating a definite integral allows you to determine the area of the region between the 
graph of a function and the x-axis. That area gives you information about the net change in 
the quantity whose derivative is graphed. 

Given a function, , the value of the definite integral would equal the difference between 
the values of the antiderivative at each of the two endpoints. For example, if  then

Note that the antiderivative for  inverts the operations in the power rule for derivatives.

Given an expression for velocity as a function of time for a car, v (t ) , the net change in 
position for the car over an interval of time can be calculated by evaluating a definite integral 

of this function from t = 0 to any time, t: . Given an initial position, , the position,  

x as a function of time will be given by . For example, if  :

, provided .

The following tutorial can help you learn more about anti-derivatives  
and integrals:

Khan Academy: Anti-derivatives and indefinite integrals

First Order Differential Equations
A first order linear differential equation is a function that includes both a variable and the first 

derivative of that variable. For example, the function  is an example of a first order 

differential equation because it contains both x and the rate of change of x with respect to 

time .

Return to  
Table of Contents

© 2018 The College Board



Quantitative Skills in the AP Sciences 133

CHAPTER 8

Quantitative 
Skills and 
Advanced 

Calculus Topics 
in AP Physics C: 

Mechanics

Calculus for AP Physics C

Steps to solving a simple first order differential equation:

1. Rearrange the equation so like variables are together (separate variables).

2. Integrate both sides, being sure to account for initial conditions in limits of integration.

3. Solve for an expression for the variable whose derivative is represented in the differential 
equation (in this case x).

Example 
A box, given an initial speed v0, slows to rest under the influence of air resistance, which 
applies a force , where k is a constant and v is the velocity of the box as a function 
of time. Derive an expression for the velocity of the box as a function of time.

Since the force from the air is the only force slowing the box, the force from the air will be 
equal to the net force on the box.

}
Now we can see that this is a differential equation since it contains both v and dv/dt. First 
rearrange the equation with like terms together:

Note that both k and m are constants, so k/m is a constant.

Now integrate both sides and add limits to account for initial conditions:

Finally, solve for v:
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The following tutorial can help you learn more about solving first order  
differential equations:

Khan Academy: Separable equations introduction

 

Example
Let’s try a complete example using vectors and calculus. Assume a force has an expression 
of the following relationship:

and the object has a displaced from a position in the x-direction of x = 0 to z = 5.

The displacement vector is the position vector in the x-y plane or . This is 
what the computation would look like:

Definition of Work (Calculus) 
The complete definition of work involves two advanced mathematical ideas: the dot product 
and the integral. Here is the precise definition of work:

This would be defined as the integral of the dot product of the force and the displacement 
vector as the object is moved from position A to position B; “dr” is used to define a 
displacement linearly in any direction (x, y, z, or radial direction or combination). If the force 
being used in the definition is a constant force, then the definition can be written more simply 
(AP Physics 1 and 2 style) as

where F// represents the parallel component of the force in the direction of the displaced 
distance d.

Moment of Inertia 
Rotation is a major concept in the AP Physics C: Mechanics course. One of the fundamental 
physical quantities in this area of mechanics is the idea of rotational inertia. This idea is 
qualitatively defined as the measurement of inertia of an extended body (system) in response 
to a torque acting on the system; in other words, how easy or difficult it is to mechanically 
rotate an extended body about some given rotational axis. The formal name for this type of 
inertia is the moment of inertia and the symbol for this quantity is I. The moment of inertia is 
mathematically defined in the following way for a discrete mass system:
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where I is inertia, m is the mass of the object, and r is the radius of rotation. The units for the 
moment of inertia measurement are .

For a uniform shape or object (such as disks, spheres, rings, rods, etc.) there are known 
relationships for the moments of inertia. All of these relationships can be derived (although 
some of the derivations are beyond the scope of the AP Physics C course) from the calculus 
definition of the moment of inertia: 

Example (noncalculus definition)
A very light (negligible mass) rigid rod is shown with three masses attached along the rod. 
Each mass has a value shown in the figure. The distances are also shown in terms of .  
The system of masses will be rotated about the pivot point (center of rod) shown in the 
plane of the paper. The figure shows the rotating mass system viewed from above and the 
system is rotating in the plane of the paper. Compute the moment of inertia of this system.

The 3M mass is located 3  from the pivot, the M mass is located a distance of  from the 
pivot, and the 2M mass is located a distance of 3  from the pivot.

Example (calculus definition)
A rigid rod has a total mass of  and a length of . The rod has a nonuniform linear mass 
density. The linear mass density is defined as

This density varies with the position of x along the rod, where  is a constant 

measured in . This means at greater distances of the x-position the density value will 

increase in direct proportion to the x-value: essentially the rod is weighted more on the far 
end. This is more of an example to show the mathematical nature of the moment of inertia 
definition and is not intended to be a realistic physical rod. Here is a diagram of our rod 
and frame of reference:
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An infinitesimal slice mass along the rod needs to be defined as . The  slice has an 
infinitesimal length in the x-direction that is defined as length of .

The calculus definition can now be applied to the rod. We will integrate the dm slices from 
a length of x = 0 to a length of x = L.

Let’s give a value to  of  to further simplify the above expression for the moment of 

inertia of this particular rod, where  is the mass of the rod and  is the length of the rod. 
This reduces the expression of moment of inertia to a more familiar expression:

If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: More on moment of inertia
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Total Mass Computation and 
Center of Mass Computation 
Total Mass Computation 
Using the rod example from the last section, we can use calculus to determine that the total 
mass of the rod is M. This is more for a verification exercise, but it certainly gives more 
practice with integrating expressions in physics. To verify that the total mass of the rod has a 
value of M, we simply integrate the dm slices from zero to L.

Center of Mass Computation 
Using this same rod and variable linear mass density, we can use the calculus definition of 
the center of mass (CM) to determine the center of mass of this rod. The definition for the 
center of mass is

Example: center of mass using the calculus definition
We have already computed the total mass above of a long non uniform rod, (value is M) and 
we simply do a different integral that is defined in the numerator of the CM expression.

Then we substitute the value for  into the expression:

Lastly we divide this (numerator) by the total mass M, (the denominator in the CM 
expression) which gives:

So the CM of this nonuniformly massed rod is at a distance of two thirds along the rod and 
not the expected value of the CM being in the center of a uniformly weighted rod.
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Circular Motion and Rotation  
Definition of Torque in AP Physics C 
Torque is used and defined in AP Physics 1. However, the definition that is used in AP 
Physics C is the definition without any modification or simplification. Torque is defined as

This can also be expressed in the same way as in AP Physics 1:

where the magnitude of  is defined as the moment arm.

Torque is a vector that comes from the vector cross product of two other vectors. The 
direction of torque is always a vector that is perpendicular to the plane that contains both 
of the vectors  and . If  and  are also perpendicular to each other, then all three ( ) 
vectors are mutually perpendicular to each other. Torque is measured in . The units are 
stated in this way to avoid confusion with the units of energy (joules).

If you need more information, the following tutorials can help to further  
explain these concepts:

Khan Academy: Introduction to torque

Definition of Angular Momentum of a 
Linearly Moving Point Object
Because of the nature of the interaction with systems of point masses and extended bodies, 
it is sometimes necessary in physics to define a linearly moving object as having angular 
momentum about some conveniently (but mathematically arbitrary) taken frame of reference. 
This is commonly phrased as the angular momentum of an object about some point O.

The fact that a linearly moving body has an angular momentum does sound physically weird, 
but it is a necessary definition in mechanics. It is totally possible to define a point at which 
a linear moving particle has an angular momentum value about that point. For example, 
this becomes necessary when a baseball is thrown at an open door and has a collision. The 
momentum of the ball is transferred into angular momentum of the door as it rotates about the 
hinges. In order for our conservation laws to hold in all cases, we need a way to account for 
an angular momentum of the linearly moving ball. The definition for the angular momentum 
of a linear moving particle is

where  is defined as the position vector. This vector is defined as being measured from the 
origin of the frame of reference defining the angular momentum to the position of the linearly 

moving object. The symbol  is the linear momentum of the particle. The nature of this cross 
product gives rise to what is referred to as a moment arm in the world of rotation. The moment 
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arm is defined as the perpendicular distance between the line of the velocity vector and the 
line containing the axis of rotation. In other words, this distance (moment arm) is always the 

 value from the cross product. Here is what this would look like in an example:

Example: dart striking a wheel
Figure 8.2 shows a dart striking a wheel mounted on an axle free to rotate without any 
resistive forces. The dart clearly has linear velocity and momentum. The dart strikes the 
wheel and imbeds itself into the rubber wheel. The entire wheel/dart system begins to 
rotate about the central axle of the wheel with some constant angular velocity. 

Figure 8.2: A Dart Striking a Wheel

In terms of  and fundamental constants as appropriate, determine the angular 
velocity of the wheel after the collision with the dart.

To determine the angular velocity of the wheel, the conservation of angular momentum 
must be used. There are no external torques on the system of the wheel and the dart. The 
only torque on the wheel or dart is exerted as the dart collides with the wheel, which would 
be an internal torque. This means that the total angular momentum of the system before 
the collision must be equal to the total angular momentum after the collision. Now we 
see why we need our definition! Since the wheel is at rest prior to the collision, it initially 
has no angular momentum. The only angular momentum is defined as the dart’s angular 
momentum about the center of the wheel. It is the wheel and the final angular momentum 
that defines our point of reference for the entire approach to the problem.

After the collision the wheel and dart system is rotating and has an angular momentum 
equivalent to

Note that the total moment of inertia of the system is the sum of the two inertias about the 
center of the wheel: the inertia of the wheel and the inertia of the dart stuck in the wheel 
a distance R away from the center of the wheel. Using the definition of moment of inertia 
of a ring (wheel) and the definition of a point mass moment of inertia, the total moment of 
inertia can be found.
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If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Angular momentum

This gives an angular momentum of the wheel after the collision as

Now equate the angular momentum of the dart before the collision equal to the angular 
momentum of the wheel after the collision:

This example shows why the definition of angular momentum for a linearly moving object 
is a necessary definition in mechanics. 
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Calculus Relationships in 
AP Physics C: Electricity 
and Magnetism 

This chapter focuses on some of the quantitative skills that are important in your AP Physics 
C: Mechanics course. These are not all of the skills that you will learn, practice, and apply 
during the year, but these are the skills you will most likely encounter as part of your 
laboratory investigations or classroom experiences, and potentially on the AP Physics C 
Exam.

Electrostatics: Electric Fields 
Coulomb’s Law 
The fundamental law of electrostatics is Coulomb’s law. This law describes the interaction 
between two independent charges. All charges interact with all other charges through a 
distance. Like charges will repel and unlike charges will attract: this defines the direction of 
the forces on each charge by the other charge. Coulomb’s law describes how to compute the 
magnitude of force that each charge exerts on the other charge.

Example
Two positive static charges are held fixed in space and separated by a distance of . 
The first charge has a magnitude of  and the second charge has a magnitude 
of . Determine the magnitude of force of  acting on .

The permittivity of free space is defined as

and the quantity

is also called “k” or Coulomb’s constant.
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If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Coulomb’s law

Definition of Electric Field 
The electric field is a physical quantity defined as the ratio of the electrostatic force to the 
magnitude of charge that is experiencing the force. The electric field is a vector quantity and 
is defined as the direction that a positive test charge would move in if placed in the field: 

where  is called a test charge — the charge that experiences the force.

The computation for the magnitude of the force is

Example
A test charge of  experiences a force of magnitude  when it is placed 
within a uniform electric field. Determine the magnitude of the electric field.

General Definition of Flux
Flux is defined qualitatively as the magnitude of a vector field that permeates space through 
a particular defined area. Let us define any vector field as . The precise mathematical 
definition is

where  is defined as flux. 

Note that flux is a scalar quantity that comes from two vector quantities. In using flux as a 
physical quantity in physics, we need to define the area of some geometrical shape as having 
a vector orientation that is perpendicular (and outward) from the shape or object. So, in the 
case of a piece of paper flat on a desk, the area of that piece of paper has a magnitude of 
8.5” × 11” and a direction of vertically upward from the piece of paper (perpendicular to the 
paper). The upward direction is arbitrary, but when the area is attached to an actual object the 
direction is defined to be outward from the object. Now that we have defined flux, we can see 
the specific physical definitions of flux that exist in our physics course.
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Electric Flux 
Electric flux is defined qualitatively as the magnitude of the electric field that permeates 
space through a particular defined area. The precise mathematical definition is

It is important to note that flux is a scalar quantity and is computed from two vector quantities 
using the vector dot product. It is also important to note that the area vector of a defined area 
is a vector that is perpendicular to the area’s face and directed outward from the surface.

Electric Flux and Gauss’s Law 
Gauss’s law is a fundamental law of electrostatics that relates the electric flux through a 
closed surface to a physical constant of the electrostatics system. Gauss’s law states that 
the electric flux through a closed imaginary surface (known as a Gaussian surface) is 
proportional to the charge enclosed by the imaginary surface.

The law does make use of what is called a surface integral, but in order for the law to be 
useful (to determine unknown electric fields of different charge configurations), no actual 
integration is necessary. So a very complex-looking calculus expression is actually a very 
powerful and subtle conceptual law.

Gauss’s law is a difficult law to grasp for most physics students. It typically takes a few weeks 
and many practice examples, situations, and interesting physical problems to master. 

Example
An isolated point charge of magnitude +Q is shown in the center of a metal cube. 

Determine the electric flux through the entire cube.

The flux can be determined simply by knowing that the charge is enclosed by the closed 
surface — no need for integration or understanding how to compute a surface integral. 
Therefore, the flux through the cube is

The flux is a positive value due to the field of the point charge going out of the six faces. 
The vector product of the area faces and the electric field give a positive value.
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The majority of the advanced calculus ideas involved in Gauss’s law questions are conceptual 
in nature. These questions usually have significance when the charge distribution involved 
in the situation has a spherical symmetry, cylindrical symmetry, or a planar symmetry. If 
those charge symmetries are involved, then the electric field at the Gaussian surface will be 
constant. This is significant because it essentially means no integration is necessary for a 
constant function and the integration basically becomes

or the product of the electric field through the enclosed area.

Electrostatics: Electric Potential 
Definition of Electric Potential 
Electric potential is a powerful concept and has many useful relationships that connect 
electrostatic properties and quantities. We can define the electric potential difference in terms 
of potential energy. A charge that exists in an external electric field creates a system that can 
have electric potential energy. The position of the charge in the field will determine the value 
of electric potential energy of this system. This difference in energy values gives rise to a 
useful electrostatic property called electric potential (V). 

Stated in another way, the change in electric potential energy in moving a charge from point 
A to point B in an electric field divided by the value of the charge being moved through this 
difference is called the electric potential difference, or . This quantity is defined as

The AP Physics C equation sheet expresses the definition in a slightly different way, although 
it is mathematically equivalent:

What will happen to the electric flux through the cube if the cube shown above is increased 
to three times the size of the original cube and the same magnitude of charge (+Q) is still 
located at the center? Will the flux increase to three times the size? Determine the flux 
through the cube in this new situation.

Since the flux through a closed surface that encloses the charge is a constant proportional 
to the amount of charge enclosed, the increasing of the surface (cube of three times the 
size) does not change the magnitude of the flux through this new cube. Using Gauss’s law 
it remains the same value because the enclosed charge (+Q) remains the same. Therefore, 
the right side of the Gauss’s law expression remains the same.
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The units of electric potential are defined as

So the value in the above example could be stated as 100,000 volts.

Definition of Electric Potential Due to a Point Charge
A single point charge creates an electric field in space around the charge. The electric 
potential at various positions from the charge can be computed using the definition of electric 
potential due to a point charge. In all cases with single point charges, a value of zero potential 
is to be considered at an infinite distance from the charge. With this as a reference point the 
difference in potential at some point, , is always measured with respect to moving from a 
position of an infinite distance from the charge to some distance, , from the charge.

Computing the electric potential due to a single positive point charge of magnitude 
 (or 1.0 nC) for the position of  from the charge would look like this:

So at a distance of 1 m away from a 1 nC charge the electric potential has a value of 9 volts.

Definition of Electric Potential Due to a Collection  
of Point Charges
There are many instances when multiple point charges are to be considered acting in a 
particular region of space, as shown in figure 9.1.

Figure 9.1: Four Point Charges Arranged in a Square

Example
A charge of  is moved through an electric field by a known outside force. This 
outside force will change the electrical potential energy of the charge-field system by a 
known value of . Determine the change in electric potential of the charge.
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General Definition of the Electric Potential Energy  
of Two Point Charges
If we know the potential at some position r due to a single point charge, then the amount of 
electrical potential energy in the system of two point charges is simply

where  is the source charge and  is the charge experiencing the electric field of . The 
distance  is the distance between the charges, as the potential is measured at the location of 
charge .

Example
Given the four point charges of +q arranged in figure 9.1, determine the electric potential at 
the center of the square. 

The electric potential due to a collection of charges is simply the sum of the electric 
potentials due to each individual charge  and each position to each charge . The 
definition is

Assume the distance of each side of the square is . The magnitude of each charge 
is . 

First, we need to determine the distance from each charge to the center of the square. The 
diagonal of the square would be . Since the distance from each charge to the center is 
half the diagonal distance, then the distance of each charge to the center of the square is

Now we’ll compute the electric potential:
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Example
A metal sphere of radius R has a charge Q on the surface of the sphere. Using the 
definition of potential difference, determine the potential difference between two arbitrary 
points in space as shown here:

In this example, point A is located a distance of 4R from the center of the metal sphere and 
point B is located a distance of 3R from the center of the sphere. The electric field outside 
of a charged metal sphere is defined as

and executing the integral definition and the dot product gives

This potential difference shows that point B is at a higher potential than point A. This 
result is a positive potential difference value. Note: There are some subtle details in 
this calculation that are not completely shown here. Please use your textbook and other 
resources to completely learn all of the details of the mathematics in this solution. 

General Definition of Potential Difference 
The general definition of electric potential difference is

Using the general definition of a conservative force and the calculus definition of work, this 
relationship can be transformed into a general calculus relationship that relates the difference 
in potential between two points in a field to a general integral relationship:

where dr means that the difference in the two points can be along the radial direction (which is 
often the case in the AP Physics C course, as many of the charge distributions create radial fields).
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Capacitance 
Definition of Capacitance 
The most basic model of a capacitor is the parallel plate capacitor. A parallel plate consists of 
two large metal conductive plates that are separated by a very small distance. Equal and opposite 
amounts of charge are placed on the plates via some electrical process. Sometimes a dielectric is 
placed in between the plates to allow for more charge to be stored on the plates. An electric field 
and potential difference between the plates is developed as more and more charge is placed on 
the plates. The capacitor allows for this charge and energy to be stored and used at a later time.

Capacitance is defined as the ratio of two physical quantities:

The units of capacitance are Farads (F).

Differential Relationship 
Another way to write the relationship between the potential and the electric field is to use a 
differential relationship, which looks like this:

 in radial dimensions, or  in Cartesian dimensions.

In order to use this relationship, the potential (V) would have to be defined as a function of 
position.

Example
Given a potential function that varies with the x-direction in the following way:

where , , and x is measured in meters, determine the difference in 

potential between a point on the x-axis at 10 m and the point x = 0.

Determine the electric field in the x-direction.

The units of the electric field would be  (which is equivalent to N/C). The direction of the 

electric field would be in the positive direction, which is indicated by the positive value for 

the 3 V/m.
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Example
A standard parallel plate capacitor has a total stored charge of  on its plates. 
The plates have a measured potential difference of 10.0 volts. Determine the capacitance of 
this capacitor.

An interesting point to remember is that the net charge on a capacitor is always zero. This 
is because the two plates have equal but opposite charges. The amount of charge used in 
the definition of capacitance is never zero, but is the value of the charge on one plate.

This can also be stated as  or .

If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Electric potential at a point in space

A Definition of a Parallel Plate Capacitor 
It turns out that the ratio of charge to potential difference is also equivalent to the geometrical 
properties of a capacitor, the dielectric properties of a capacitor, and the permittivity of free 
space. This definition shows precisely that the capacitance of the capacitor depends solely on 
the area of the conductive plates, the distance between the plates, and the permittivity of the 
dielectric medium. This definition is

where  is the area of the plates and  is the distance between the plates.

The constant  is defined as the permittivity constant and  is defined as the dielectric 
constant, a dimensionless constant that gives a description of the polarizability of the atoms 
in the material.

Example
Using the example above of the 100 nF capacitor, let’s assume the capacitor has a 
dielectric in between the plates with  and a distance of separation of . 
Determine the size of the area of the plates for a model of a parallel plate capacitor.
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Energy Stored in a Capacitor 
The capacitor is an electrical device that stores both charge and energy. The amount of 
charge stored is implicitly defined in the ratio definition of capacitance. Here is the definition 
of energy stored by a capacitor:

By using the definition of capacitance and some algebra, one can show this definition in two 
other equivalent expressions:

Example
Using the 100 nF capacitor from the previous examples, determine the energy stored when 
a 10 volt potential difference is applied to the capacitor.

or  of stored energy.

Current, Resistance, and Circuits 
Current 
Current is the rate of charge moving past a given point in a conductor. The steady state 
definition of current is

The (SI) unit of current is ampere (A):

Example
Determine the current in SI units, if a mole of electrons passes by a reference point in one 
hour.

This is a fairly large plate size — about the size of large baking tray. A capacitor of that size 
could not fit into most electronic components. Most capacitors are tiny and have smaller 
plates squeezed very close together by using a large dielectric. The manufacturers also 
typically roll the capacitors into cylindrical shapes to minimize volume.
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Giving a current of

This is a very large current! It demonstrates that a mole of charge is a very large quantity of 
charge.

Microscopic Definition of Current
The current can also be defined by a conductor’s properties (size, shape, charge density). This 
definition is sometimes called the microscopic definition of current. The definition is

where  is the electron density (charge/volume),  is the cross sectional area of the 
conductor,  is the drift velocity of electrons, and  is the charge on the electron.

Example
Using our previous example with current, determine the drift velocity in a conductor that 
has a cross sectional area of  and a length of 1 meter. 

The current value obtained in the last example was approximately 27 amperes. The 
number of charge carriers in the example was one mole of electrons. Using the microscopic 
definition of current, the drift velocity of one mobile charge carrier can be determined. 

The drift velocity is a surprisingly small value. This is typically the case in most 
conductors. The drift velocity is on the order of fractions of cm/s. Large values of current 
are created not by fast moving electrons, but by the transfer of a large amount of charge 
(moles or greater). 

Calculus Application with the Definition of Current
If the current is a transient current (changing with time), then the relationship can be written 
with differentials like this:

Using this expression allows one to compute the amount of charge that has passed through a 
conductor in a given unit of time by using calculus:
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Resistance and Circuits
A property of a conductor that is significant in determining the flow of charge in a conductor 
is the property of resistance. Resistance in a conductor is defined in the following way:

where  is resistivity measured in ,  is the length of the conductor measured in meters, 
and  is the cross sectional area the conductor measured in m2. Resistivity is an inverse 
relationship of conductivity of a conductor and is related to the electron density of the 
conductor.

Adding Resistors
Now we will show the rules for adding resistors in the two particular ways that circuit devices 
can be arranged. Resistors can be arranged in series (figure 9.2), in parallel (figure 9.3), or in 
some advanced network or combination of these two arrangements. 

Series Arrangement:

Figure 9.2: Resistors Arranged in Series

Example
Given a transient current in a circuit of , determine the amount of charge that is 
moved through the circuit in one minute of time.

To give this computation some practical measurements, let’s make the initial current value 
 or 2mA, and the k value . Now we can get a value for the charge 

that moved through the circuit in one minute of time.
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Example
Given the three resistors shown in figure 9.2 (10Ω, 25Ω, and 15 Ω), show how the 
equivalent circuit behaves.

The rule for resistors in series is very simple: , or simply the algebraic sum of the 

resistors placed in series. So for our example it becomes:

In other words, the three resistors have the same equivalent property of one resistor of  
50 ohms. Essentially a row of resistors is equivalent to having one equivalent resistor of a 
longer length.

Parallel Arrangement:

Figure 9.3: Resistors Arranged in Parallel

Example
Given the three resistors shown in figure 9.3, show the equivalent resistance of this 
arrangement.

Using the same three resistor values as the series arrangement, we will apply the rule for 
parallel resistors:

So, applying this rule to our example gives:
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Notice that in the parallel arrangement the equivalent resistance is less than the smallest resistor 
in the arrangement. The physics behind why the resistors behave this way are beyond the scope 
of this chapter, but you should review your textbook to explore this issue in more depth. 

If you need more information, the following tutorials can help to further  
explain these concepts:

Khan Academy: Resistors in series

Khan Academy: Resistors in parallel

Ohm’s Law 
Ohm’s law is the fundamental law in circuit behavior. It relates the three fundamental physical 
characteristics of circuits: potential difference, current, and resistance. Ohm’s law is valid at 
every point in a circuit, across every branch in a circuit, and for the entire equivalent circuit. 
Ohm’s law is typically written as

showing that current in a conductor or pathway in a circuit is proportional to the potential 
difference across that path and inversely proportional to the resistance of the conductive path.

This also means that the unit for resistance (Ohm) is equivalent to

Microscopic Definition of Ohm’s Law
If the microscopic definition of current is combined together with the Ohm’s law relationship, 
another relationship can be obtained that relates the electric field that drives the mobile 
charges in the conductor to the rate of the charge passing through the conductor. This 
relationship is

 is defined as current density (current/area) and is a vector in the same direction as the 
conventional current definition. 

Example
Determine the value of the electric field within a conductor that drives electrons at a 
current of 1.0 ampere in a 14 gauge copper wire. 

The copper wire has a resistivity of  (this is a property of copper and can 
be found in handbooks, tables, or textbooks). A 14-gauge wire has a cross sectional area of 

 (this value can also be looked up in electrical handbooks).

Return to  
Table of Contents

© 2018 The College Board



Quantitative Skills in the AP Sciences 155

CHAPTER 9

Calculus 
Relationships in 

AP Physics  
C – Electricity 

and Magnetism

Current, Resistance, and Circuits 

The current density of this particular wire is

Then use the microscopic definition of Ohm’s law to give the electric field:

This example shows that it does not take a very large electric field within a conductor to 
produce a very large current (in a good conducting medium).

Companion to Ohm’s Law: The Power Relationship 
It is often useful to discuss the amount of energy transferred in an electrical device or circuit. 
The companion relationship that pairs with Ohm’s law is the power relationship, which is

where P is power measured in watts,  is potential difference measured in volts, and I is 
current measured in amperes.

This relationship gives the power developed by an electrical device in the SI unit of watts. So, 
if the two electrical properties (resistance and potential difference) are known or given then, 
the other two properties (current and power) can be determined by using Ohm’s law and this 
companion relationship for power.

Example
A battery of 12 volts is attached to an electrical device that has a resistance of 6 ohms. 
Determine the amount of energy transferred by the battery in one minute of operation.

First, determine the current developed in the circuit.

Now, using the current value, the power developed by the circuit can be determined using 
the power relationship.

Since we now have the power developed in the circuit, we can use the definition of power 
to determine the amount of energy transferred:

The battery transfers a total of 1440 joules to the electrical device in one minute of 
operation.

Adding Capacitors in Circuits 
Capacitors are circuit devices that have specific properties and behave in certain ways in a 
circuit. One useful property of these circuit devices is that they add in specific ways when 
they are placed in certain orientations within a circuit. These devices can be arranged in 
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Note that the equivalent capacitance of a set of capacitors in series is always less than the 
smallest capacitance in the series.

If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Capacitors in series

series (figure 9.4) or in parallel (figure 9.5). They can also be arranged in complex networks 
or combinations of these two types of arrangements. The basic properties of this addition are 
shown in the following examples. 

Example

Figure 9.4: Capacitors Arranged in Series

Given three capacitors arranged in series as shown in figure 9.4, determine the equivalent 
capacitance of the arrangement.

The circuit shown above has three capacitors (10 µF, 25 µF, and 15 µF) arranged in series. 
The effect of having three capacitors in series is that it will behave as if it were one capacitor 
with an effective or equivalent value. The capacitors in series add in the following way:

So the three capacitors in the circuit shown above behave as if it were one capacitor with a 
value of 4.84 µF.

Series Arrangement
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If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Capacitors in parallel

Example

Figure 9.5: Capacitors in Parallel Arrangement

Figure 9.5 shows three capacitors placed in parallel with each other. Determine the 
equivalent capacitance of the three capacitors. To draw a comparison between the two 
methods (parallel and series), we will use the same capacitor values as the  
series example. 

The rule for adding capacitors in parallel is

or simply adding the capacitors. So the equivalent capacitance of the above circuit is

This value is more than 10 times the value of the equivalent capacitance of the same three 
capacitors arranged in series. The reason that the parallel arrangement of capacitors 
results in a much larger equivalent capacitance is essentially that the three different areas 
of each of the capacitors are all available for charge to fill up. So, the three capacitors are 
essentially creating one large capacitance of an equivalent larger area.

Parallel Arrangement
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Example

Figure 9.6: A Charged Particle Moving Through a Magnetic Field

Determine the magnitude and direction of the magnetic force on the moving charged 
particle shown in figure 9.6. The charged particle moves through two regions. In region II, 
the charged particle is moving through only B field.

The moving charge is an electron (-e) and has a speed of . The magnitude of the 
external magnetic field is .

To determine the force direction we will apply the definition of magnetic force for a moving 
charge. Note that the direction is determined by the cross product and the velocity vector is 
defined to be the velocity vector of a positive moving charge. This is a very important detail. 

The charge is shown in figure 9.6 to take a circular path (the nature of the magnetic force 
produces a circular trajectory). The initial magnetic force direction is vertically upward  
(+y direction). This comes from the cross product of a velocity vector to the left (-x 
direction) and the magnetic field shown out of the page (+z direction). Remember the rule 
for a negative charge is that the velocity vector is the opposite of the actual velocity (-x 
direction): this is to maintain the right-handed system. The cross product of the two vectors 
gives a force vector that is directed vertically upward as shown in figure 9.6.

Magnetism
Moving Charge in a Magnetic Field 
It was discovered in the 1800s that moving charge is the fundamental cause of a magnetic 
field. If a moving charge is moving through a magnetic field, the two fields will interact with 
each other and produce what is called a magnetic force. The two fields are the magnetic field 
produced by the moving charge itself and the field that it is moving through. This idea is used 
in the area of particle physics to determine particle characteristics (charge, mass, etc.).

The force of interaction of these two fields always creates a force that is perpendicular to 
the field direction and to the velocity vector. This is described by the cross product in the 
definition

where B is the external magnetic field measured in Teslas, q is the magnitude of moving 
charge, and v is the velocity of the charge.
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The magnitude of the force is

This is a small magnitude indeed, but certainly large enough to deflect the tiny electron  
( ).

Current-Carrying Conductor (Wire) in a  
Magnetic Field 
Figure 9.7 shows a wire with a current (I), stationary in an external magnetic field (B). The 
current is shown in the positive y-direction and the magnetic field is shown in the positive 
x-direction. There will be a magnetic force on the wire due to the two fields interacting (the 
field of the moving charge in the wire and the external field). 

Figure 9.7: Wire with Current in a Magnetic Field

The AP Physics C equation sheet represents the magnetic field on a length of current as

If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Magnetic force on a charge
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Note 1: The actual AP Physics C equation sheet shows the following for the magnetic force 
due to a wire:

This is precisely correct, but this definition is rarely used in this form. The wires interacting 
with fields in the AP Physics C course will be straight. This would eliminate the need to 
integrate over a differential length of the wire. Therefore, the most useful definition of the 
magnetic force on a wire is

Note 2: You should review the right-hand rules to help with quickly determining force 
directions due to magnetic interactions. The cross product is the actual definition, but the 
right-hand rules create an easy memory device to make the determinations quickly and 
accurately.

If you need more information, the following tutorials can help to further  
explain these concepts:

Khan Academy: Magnetic force between two currents going in the 
same direction

Khan Academy: Magnetic force between two currents going in 
opposite directions

Example
Using figure 9.7 and the following parameters, determine the magnetic force on the wire.

I = 2.0 amperes, length of wire in field , and magnitude of magnetic field B = 2.0 T.

The angle between the conductor and the magnetic field is 90 degrees. These two vectors 
are mutually perpendicular to each other. Applying the cross product correctly determines 
that the force vector will be directed in the -z direction (or into the page!).

This can also be expressed without the integration in the following way:

where  is the angle between the current direction (or wire length in the current direction) and 
the magnetic field vector, and  is the length of the wire in the field (or interacting with the 
field).
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Example
Using the Biot–Savart law, determine the magnetic field at the center of the ring of radius R 
and current I.

Figure 9.8: A Ring of Radius R, with Current I in CCW Direction Indicated  
on Wire

The most difficult part of the Biot–Savart law is the cross product of the  and . The  
vector is in the direction tangent to the current (tangent to circle). The  vector is always 
radial and perpendicular to the  vector. This means that the cross product of the two is 
a vector that is in the y-direction (B-direction!). The direction of the cross product of the 
numerator is the direction of the B-field. Note that since the angle between  and  is 
always 90 degrees the contribution of the sine of 90 degrees is one, which simplifies the 
expression.

Biot–Savart Law 
The Biot–Savart law is very similar to the law used in electrostatics to compute any electric 
field due to a continuous line charge of charge density:

Using this allows the computation of an electric field due to a wire of continuous charge or a 
ring of continuous charge.

The Biot-Savart law allows for the computation of magnetic fields due to continuous current 
distributions (like current in a wire or ring). The Biot–Savart law in differential form is

Notice how it looks very similar in structure to the companion law in electric fields.
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Ampere’s Law – An Analog to Gauss’s Law in  
Magnetism 
There is also a fundamental law in magnetism that relates the current of a conductor (or 
multiple conductors) to the magnetic field that the current creates around the conductor(s). 
This law is called Ampere’s law: 

where  is the magnetic permeability constant and I is the enclosed current.

The statement above is called a line integral. The line integral means that the product of B 
and some differential length element  are computed around a complete pathway. Sometimes 
the pathway is a simply a line, but in the case of magnetic fields symmetry our path lengths 
will match the symmetry of the magnetic field of a wire — a circular path.

Conceptually this means that the magnetic field that encircles a wire or collection of wires 
carrying current is proportional to the amount of current contained (enclosed) by an imaginary 
closed loop that contains the current. This imaginary closed loop is called an Amperian loop.

The law is similar to Gauss’s law in that it takes a very complex calculus idea and uses 
symmetry arguments to make the calculations very simple. The point of using Ampere’s law 
(and Gauss’s law) is to avoid doing a complex integration!

Using Ampere’s Law to Derive the Magnetic Field Due to a Wire
Many physics students have memorized the magnetic field due to a single wire carrying a 
current. The field expression is

We can use Ampere’s law to come up with this expression. 

Now everything is a constant in the above expression except . The position vector r will 
become the radius of the ring (R). This is because we are computing the magnetic field for 
the center of the ring, which is precisely a distance of R from the ring. Now let’s rewrite the 
expression above and simplify the result:

Now we are down to one last mathematical step: the integral of . The result of this integral 
is simply the full circumference of the ring. You have integrated the infinitesimal lengths of 
the ring around the entire ring, so the result of this is the full length of the ring .

This is the known expression for the magnitude of the magnetic field of the ring of current 
at the center of the ring.
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Example
a.  

b. 

Figure 9.9: Two Views of Magnetic Field Around a Wire

Figure 9.9a shows a wire with a current (I) directed in the +x direction. A magnetic field 
encircles the wire. Figure 9.9b shows the view from the end of the wire. Current is shown 
by vector symbol x (into the page) and the dashed circle represents the magnetic field 
around the wire. A vector is drawn tangent to the circular field line: this vector represents 
the B-field at this point. The Amperian loop is a simple closed circle that matches the 
circular nature of the magnetic field. The vector associated with  would be an identical 
vector, tangent to the dashed circular path. The dot product of the two vectors would 
simply yield  since both vectors are co-linear. Now apply the law:

and in this case the total length of the Amperian loop is the circumference. If we call the 
distance to the Amperian loop the position vector r, then the circumference of the loop is 
simply . The enclosed current by this loop is . Applying the integration and solving for 
the magnitude magnetic field  gives:

This example shows the simplicity and fundamental nature of Ampere’s law.

If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: Magnetic field created by a current carrying wire
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Example
Determine the magnetic field of a solenoid of length 25 cm, with 1000 turns and a current 
of 2.0 amperes.

The turn density of this solenoid is .

Then 

or about .

The direction of the magnetic field in the above example is directed along the axis of the 
solenoid to the right in the plane of the paper. It would be a constant value in the entire space 
inside the solenoid. To determine the direction, one would wrap their right hand in the sense 
of the current curl and the thumb would point in the field’s direction.

If you need more information, the following tutorial can help to further  
explain this concept:

Khan Academy: Using the right-hand rule

Magnetic Field of an Ideal Solenoid 
The solenoid is what most people imagine when they think of the classic coil magnet. A 
standard solenoid (figure 9.10) is a coil of many tightly wound turns around a solid core. 

Figure 9.10: Example of a Standard Solenoid 

The solenoid is a device that is often used in physics experiments to create a fairly constant 
magnetic field. When current is present in the solenoid, the magnetic field can be fairly 
large and is constant along the axis of the solenoid (except at the two ends of the solenoid). 
Typical laboratory solenoids are about 20–30 cm in length and have about 1000 turns. These 
solenoids typically produce magnetic fields in the  range. The definition for the magnetic 
field of the solenoid is

The symbols in the expression are defined as follows:  is the magnetic permeability 
constant,  is the turn density or number of turns per length of solenoid, and I is the 
magnitude of current in the solenoid.
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Induction and Inductance
Magnetic Flux 
The magnetic flux is defined qualitatively as the magnitude of the magnetic field that 
permeates space through a particular defined area. The precise mathematical definition is

Magnetic flux is very useful in the magnetism part of the course and is a significant physical 
feature of one of the most fundamental laws of electromagnetism — Faraday’s law (defined in 
the next section). 

There tends to be more calculus involved in working with magnetic flux. One reason is that 
some of the more useful (and often-used) magnetic fields are fields that can vary over the 
surface of the area in question. Another reason is that one of the fundamental principles 
of magnetism involves a changing flux over time, which leads to more mathematical 
understanding and rigor with the use of magnetic flux. An example of a flux calculation of a 
field that changes in value over the area is beyond the scope of this chapter, but you should 
certainly work with this idea using your textbook.

Faraday’s Law and Lenz’s Law 
The fundamental nature of electromagnetism is that a changing magnetic field creates a 
changing electric field and each gives rise to the other field, creating an electromagnetic (EM) 
wave if it is changing fast enough. Faraday’s law is expressed mathematically as

If a magnetic field permeates a conductive loop (area) and this field begins to change (i.e., 
increase, decrease, oscillate, or even simply turn off or on) then a current is created in that 
conductive loop that will oppose the changing field that has created it. This opposing part 
of the law also has a name: this law is called Lenz’s law. Both of these laws are extremely 
important in this part of the course. 

Example
Determine the induced current that exists in the current loop shown in figure 9.11.

Figure 9.11: B Field Permeating Conductive Square Loop
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The positive value that is associated with this current (and induced voltage) is a current 
that would be counter clockwise (CCW) directed around the square loop. This is a result of 
Lenz’s law and the fact that a diminishing or decreasing field results in a current that will 
create a field in the same direction as the changing field. The change is inward on the page 
(-z direction). Lenz’s law states the induced current will oppose the change and opposing the 
change would be in the opposite direction of the decreasing field, which is back in the same 
direction as the original direction of the field (at time zero).

If you need more information, the following tutorial can help to further  
explain these concepts:

Khan Academy: Flux and magnetic flux

The magnetic field is changing and has the following relationship with time:

where k is a constant measured in . The initial field  is initially directed out of the page 

as the vector symbols show in the figure. The field decreases until it reaches a value of 

zero. The conductive loop has a resistance of R.

To determine the induced current we need to determine the flux through the square loop.

The magnetic field is changing with time, but not changing over the area. It has a constant 
value (at any one instant in time) over the entire square area. This is why the flux integral 
reduces down to simply the product of field and area.

Now let’s take the derivative of this expression to obtain the induced electromotive force,  
or emf.

This value is the induced voltage in the loop. We can then determine the induced current in 
the loop by using Ohm’s law.
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Induced EMF in an Inductor
An inductor is an electrical device that stores and transfers energy and is very useful in AC 
circuits. An inductor creates a back emf or induced emf in the circuit whenever a current 
is changing within a circuit. The definition for this induced emf is a direct consequence of 
Faraday’s law. The definition is

where L is the inductance measured in henrys and .

Example
Determine the induced emf in an inductor of , when the current is changing at a 

rate of .

Note: The negative sign is an indication of the direction of the induced voltage. Due to the 
nature of the induced emf, the negative sign means that it will oppose the increasing current 
change and produce an emf in the opposite direction of the external emf source creating the 
current.

Example
A circuit is shown below with a voltage source, a resistor, and an inductor.

Inductance
Energy Stored in an Inductor
Since the inductor opposes the changes in the circuit, when the inductor resists the original 
current increase in a circuit (turning on a circuit) it takes extra energy to put into the circuit 
to reach the final steady state. This extra energy is given back to the circuit when the current 
is decreasing (circuit being turned off). This energy can be considered stored in the magnetic 
field of the inductor. The definition of this energy is

where I is the magnitude of the current while the circuit with an inductor is in a steady-state 
condition (not changing).
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Determine the energy stored in the inductor after the circuit has reached steady state (i.e., 
the switch S has been closed for a very long time). The inductor has a value of .

In order to determine the energy stored in the inductor we need to determine the current in 
the circuit. The current is determined very simply by using Ohm’s law. The ideal inductor 
is considered to have zero resistance as it is simply a coiled wire. So the current in steady 
state conditions is simply:

Now we will apply the definition of energy in an inductor:

This is a very small amount of energy! So the battery source needed to provide an extra  
0.25 mJ of energy to transfer into the circuit to get to steady state condition, and when the 
circuit switch is opened the current will not immediately go to zero — it will exponentially 
decay to zero. That extra time that the current persists needs energy to move the charge, 
and the 0.25 mJ is returned back to the system in the form of a current that persists a little 
bit longer after the switch is opened.
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AP Physics 1 Equations and Formulas
Table of Information and Equation Tables for the AP Physics 1 Exam

The accompanying table of information and equation tables will be provided to students 
when they take the AP Physics 1 Exam. Therefore, students may NOT bring their own copies 
of these tables to the exam room, although they may use them throughout the year in their 
classes in order to become familiar with their content. The headings list the effective date 
of the tables. That date will only be changed when there is a revision to any of the tables. 
Check the Physics course home pages on AP Central for the latest versions of these 
tables (apcentral.collegeboard.org).

The table of information and the equation tables are printed near the front cover of both the 
multiple-choice section and the free-response section. The table of information is identical for 
both exams except for some of the conventions.

The equations in the tables express the relationships that are encountered most frequently in 
the AP Physics 1 course and exam. However, the tables do not include all equations that might 
possibly be used. For example, they do not include many equations that can be derived by 
combining other equations in the tables. Nor do they include equations that are simply special 
cases of any that are in the tables. Students are responsible for understanding the physical 
principles that underlie each equation and for knowing the conditions for which each equation 
is applicable.

The equation tables are grouped in sections according to the major content category in which 
they appear. Within each section, the symbols used for the variables in that section are defined. 
However, in some cases the same symbol is used to represent different quantities in different 
tables. It should be noted that there is no uniform convention among textbooks for the symbols 
used in writing equations. The equation tables follow many common conventions, but in some 
cases consistency was sacrificed for the sake of clarity.

Some explanations about notation used in the equation tables:

1.  The symbols used for physical constants are the same as those in the table of 
information and are defined in the table of information rather than in the right-
hand columns of the equation tables.

2. Symbols with arrows above them represent vector quantities.

3.  Subscripts on symbols in the equations are used to represent special cases of the 
variables defined in the right-hand columns.

4.  The symbol D before a variable in an equation specifically indicates a change in 
the variable (e.g., final value minus initial value).

5.  Several different symbols (e.g., d, r, s, h, l ) are used for linear dimensions such as 
length. The particular symbol used in an equation is one that is commonly used 
for that equation in textbooks.
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APPENDIX A AP Physics 2 Equations and Formulas

AP Physics 2 Equations and Formulas
Table of Information and Equation Tables for the AP Physics 2 Exam

The accompanying table of information and equation tables will be provided to students when 
they take the AP Physics 2 Exam. Therefore, students may NOT bring their own copies of these 
tables to the exam room, although they may use them throughout the year in their classes in 
order to become familiar with their content. The headings list the effective date of the tables. 
That date will only be changed when there is a revision to any of the tables. Check the 
Physics course home pages on AP Central for the latest versions of these tables (apcentral.
collegeboard.org).

The table of information and the equation tables are printed near the front cover of both the 
multiple-choice section and the free-response section. The table of information is identical for 
both exams except for some of the conventions.

The equations in the tables express the relationships that are encountered most frequently in 
the AP Physics 2 course and exam. However, the tables do not include all equations that might 
possibly be used. For example, they do not include many equations that can be derived by 
combining other equations in the tables. Nor do they include equations that are simply special 
cases of any that are in the tables. Students are responsible for understanding the physical 
principles that underlie each equation and for knowing the conditions for which each equation 
is applicable.

The equation tables are grouped in sections according to the major content category in which 
they appear. Within each section, the symbols used for the variables in that section are defined. 
However, in some cases the same symbol is used to represent different quantities in different 
tables. It should be noted that there is no uniform convention among textbooks for the symbols 
used in writing equations. The equation tables follow many common conventions, but in some 
cases consistency was sacrificed for the sake of clarity.

Some explanations about notation used in the equation tables:

1.  The symbols used for physical constants are the same as those in the table of 
information and are defined in the table of information rather than in the right-
hand columns of the equation tables.

2. Symbols with arrows above them represent vector quantities.

3.  Subscripts on symbols in the equations are used to represent special cases of the 
variables defined in the right-hand columns.

4.  The symbol D before a variable in an equation specifically indicates a change in 
the variable (e.g., final value minus initial value).

5.  Several different symbols (e.g., d, r, s, h, l ) are used for linear dimensions such as 
length. The particular symbol used in an equation is one that is commonly used 
for that equation in textbooks.
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APPENDIX A AP Physics C Equations and Formulas 

AP Physics C Equations and Formulas 
Table of Information and Equation Tables for the AP Physics C Exams

The accompanying Table of Information and Equation Tables will be provided to students when 
they take the AP Physics C Exam. Therefore, students may NOT bring their own copies of these 
tables to the exam room, although they may use them throughout the year in their classes in 
order to become familiar with their content. Check the Physics course home pages on AP 
Central for the latest versions of these tables (apcentral.collegeboard.org).

Table of Information
For both the Physics C: Mechanics and Physics C: Electricity and Magnetism Exams, the Table 
of Information is printed near the front cover of both the multiple-choice and free-response 
sections. The tables are identical for both exams.

Equation Tables
For both the Physics C: Mechanics and Physics C: Electricity and Magnetism Exams, the 
equation tables for each exam are printed near the front cover of both the multiple-choice and 
free-response sections, directly following the table of information. The equation tables may be 
used by students when taking both the multiple-choice and free-response sections of both exams.

The equations in the tables express the relationships that are encountered most frequently in 
the AP Physics C courses and exams. However, the tables do not include all equations that 
might possibly be used. For example, they do not include many equations that can be derived 
by combining other equations in the tables. Nor do they include equations that are simply 
special cases of any that are in the tables. Students are responsible for understanding the 
physical principles that underlie each equation and for knowing the conditions for which each 
equation is applicable.

The equation tables are grouped in sections according to the major content category in which 
they appear. Within each section, the symbols used for the variables in that section are defined. 
However, in some cases the same symbol is used to represent different quantities in different 
tables. It should be noted that there is no uniform convention among textbooks for the symbols 
used in writing equations. The equation tables follow many common conventions, but in some 
cases consistency was sacrificed for the sake of clarity.

Some explanations about notation used in the equation tables:

1.  The symbols used for physical constants are the same as those in the Table of 
Information and are defined in the Table of Information rather than in the right-
hand columns of the tables.

2. Symbols with arrows above them represent vector quantities.

3.  Subscripts on symbols in the equations are used to represent special cases of the 
variables defined in the right-hand columns.

4.  The symbol Δ before a variable in an equation specifically indicates a change in 
the variable (e.g., final value minus initial value).

5.  Several different symbols (e.g., d, r, s, h, l) are used for linear dimensions such as 
length. The particular symbol used in an equation is one that is commonly used 
for that equation in textbooks.
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Appendix B

AP Calculator Policy
Calculators can be used on all or some parts of the AP Exams listed here (and on no others).

 � Students should check the list of approved graphing calculators located at https://
apstudent.collegeboard.org/takingtheexam/exam-policies/calculator-policy; bring 
only approved models.

 � Students may bring two permitted calculators. They should bring calculators they are 
familiar with that are in good working order. Calculators may not be shared.

 � Calculator memories do not need to be cleared before or after the exam.

Courses and Calculator Use

Course Type of calculator allowed Exam Section I Exam Section II

Biology Four-function (with square root), 
scientific, or graphing calculator

Allowed Allowed

Chemistry A scientific or graphing 
calculator is recommended; 
a four-function calculator is 
allowed but not recommended.

Not Allowed Allowed

Physics 1 Four-function, scientific 
or graphing calculator

Allowed Allowed

Physics 2 Four-function, scientific 
or graphing calculator

Allowed Allowed

Physics C: Mechanics Four-function, scientific 
or graphing calculator

Allowed Allowed

Physics C: Electricity 
& Magnetism

Four-function, scientific 
or graphing calculator

Allowed Allowed
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Appendix C

Helpful Links 
“12 – Help for Students in Mental Math.” Chemistry & Cognition: Support For Cognitive-
Based First-Year Chemistry. Accessed September 14, 2017. http://chemreview.net/
blog/?p=409.

“Analyzing and Visualizing Data with Excel.” EdX. Accessed September 14, 2017.  
https://www.edx.org/course/analyzing-visualizing-data-excel-microsoft-dat206x.

“Averaging, Errors, and Uncertainty.” Department of Physics & Astronomy. University of 
Pennsylvania. Accessed September 14, 2017. http://avntraining.hartrao.ac.za/images/ 
Error_Analysis.pdf.

“Excel 2013 Training.” Microsoft Office. Accessed September 14, 2017. https://support.office.com/ 
en-us/article/Excel-video-training-9bc05390-e94c-46af-a5b3-d7c22f6990bb?ui= 
en-US&rs=en-US&ad=US.

“Functions and Formulas.” Docs Editors Help. Google. Accessed September 14, 2017.  
https://support.google.com/docs/topic/1361471?hl=en&ref_topic=2811806.

“Excel Tutorial.” Department of Physics & Astronomy. University of Pennsylvania. Accessed 
September 14, 2017. http://physics.unc.edu/files/2012/10/exceltutorial.pdf.

“Sampling and Normal Distribution.” HHMI BioInteractive. Accessed September 14, 2017. 
http://www.hhmi.org/biointeractive/sampling-and-normal-distribution.

“Spreadsheet Data Analysis Tutorials.” HHMI BioInteractive. Accessed September 14, 2017. 
http://www.hhmi.org/biointeractive/spreadsheet-data-analysis-tutorials.

“Useful Excel Commands for Lab.” Department of Physics. Randolph College. Accessed 
September 14, 2017. http://physics.randolphcollege.edu/lab/IntroLab/Reference/exchint.html.
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Glossary

acceleration the rate of change of velocity with time

accuracy describes how close a measurement is to a known or accepted value

age-structure diagram a graphical representation of the distribution 
of ages within a population

alternative hypothesis one of several hypotheses that experimental observations 
are the result of some nonrandom cause

angular acceleration the rate at which the angular velocity changes 
as a result of an applied torque

angular momentum a measure of the rotation of an object; it is the product of 
the object’s angular velocity and its moment of inertia

best-fit line also called a trend line; a straight line drawn on a scatter plot 
that indicates the pattern of the data; typically has approximately 
the same number of data points above and below the line

buoyant force a force due to a fluid’s pressure difference acting on an object 
in contact with or completely submerged within a fluid

capacitor an electrical device that stores both charge and energy

carrying capacity the maximum population size that can be supported by a particular 
environment at a certain point in time without disruption to the habitat

centripetal acceleration the acceleration of an object in a circular motion that is 
directed radially toward the center of the circle

chemical equilibrium the dynamic state of a chemical reaction when the concentration 
of reactants and products is constant over time; the rates 
of the forward and backwards reactions are the same

chi-square test a statistical method that is used to determine if there is a 
significant relationship between two groups of data

coefficient of 
determination

the r 2 value of a line of regression that indicates 
how well a proposed model fits the data

confidence interval a range of values within which the true value of 
the population has a probability of being

current the rate of charge moving past a given point in a conductor

dependent variable also called the response or experimental variable; 
the response to the independent variable in an 
experiment; what is measured by the researcher

dilution a less concentrated chemical or solution
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GLOSSARY

dimensional analysis also called the factor-label method; a method of converting one unit 
of measure to another using conversion factors and rules of algebra

dose-response curve a graphical illustration of the dose of a drug 
and its effect on the sample group

dot product also called the scalar product; the product that takes two vectors and 
performs an operation where the product’s value is a scalar value 

electromagnetic 
radiation

how energy travels through spaces as waves

electromotive force also called emf; the electric current produced 
by a difference in electric potential

electric field the vector field that surrounds a charged particle

energy the ability for an object or system to do work or produce heat

enthalpy the thermodynamic quantity that measures the heat of a system

entropy the thermodynamic quantity that measures the disorder of a system

experimental error an error that occurs while performing an experiment

exponential function a function in the form , where 
A and b are arbitrary constants

exponential growth occurs when populations grow at a constant rate; 
usually shown by a J-shaped growth curve

factor-label method also called dimensional analysis; a method of converting one unit of 
measure to another using conversion factors and rules of algebra

flux the magnitude of a vector field that permeates 
space through a particular defined area

force the movement of an object (i.e., the push or pull) that 
results from its interaction with another object

free energy the energy that is available to do work in a system

frequency the number of waves that pass through a 
specific point in space per second

fundamental units the basic units of length, mass, and time

gross primary 
productivity (GPP)

the rate at which plants convert solar energy into 
chemical energy (organic compounds)

half-life the time it takes for 50% of the substance to decay

Hardy–Weinberg 
theorem

the allele frequencies of a gene (at a specific locus) in a population 
will stay the same from one generation to the next as long as the 
following requirements are met: (1) no mutations occur, (2) no 
movement into or out of the population occurs, (3) the population 
is large, (4) mating is random, and (5) no natural selection occurs

Return to  
Table of Contents

© 2018 The College Board



Quantitative Skills in the AP Sciences 188

GLOSSARY

impulse a measure of the amount of force exerted on an object with time

independent variable also called the explanatory or controlled variable; the 
variable that the researcher controls; it is not changed 
by other variable(s) measured in an experiment

kinetic energy energy of movement

kinetic friction when the two surfaces in contact are in relative motion to each other

lethal dose the dose of a drug that causes death

limiting reactant the reactant that is completely consumed 
at the end of a chemical reaction

logistic growth occurs when populations grow steadily until the carrying capacity of 
the habitat is reached; usually shown be an S-shaped growth curve

magnetic flux the magnitude of the magnetic field that permeates 
space through a particular defined area

magnification an increase in the size of an image

maximum the data point in a set of data with the highest numerical value

mean the average of a set of data

median the middle number in an ordered set of data; when 
there is an even number of data points, the median 
is the average of the two middle numbers

minimum the data point in a set of data with the lowest numerical value

momentum a measure of the amount of mass that is in motion

net primary 
productivity (NPP)

the energy in the organic compounds left over for consumers after the 
primary producers meet their own needs through cellular respiration

normal distribution also known as a bell curve;  in science, normal distributions 
apply to repeated measurements of a single value

null hypothesis the hypothesis that there is no difference between 
two groups of data in an investigation and that the 
experimental observations are the result of chance

photon a particle of light

power the rate at which energy is transferred to a system 
or object or transformed within a system

precision how close several measurements are to each other; the closer 
measured values are to each other, the higher their precision

pressure a measure of the magnitude of normal force per 
unit area exerted by a fluid or a gas
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GLOSSARY

pressure potential the component of water potential that is a result of the pressure of 
the cell wall on the water inside a cell; it generally has a positive 
effect on water potential and causes water potential to increase

primary productivity the rate at which organic compounds are stored

quadratic function a function in the form , where a, b, and c are constants

qualitative data data that is observed rather than measured; e.g., observations 
of appearance, behaviors, smell, taste, etc.

quantitative data data that is measured and recorded in numerical form; 
e.g., absorbance, size, time, height, and mass

quartile a value that divides a data set into quarters; one fourth of a data set

random errors unpredictable errors that occur during an experiment

refraction the bending of light as it moves from one optical medium to another

regression analysis a curve-fitting procedure used to fit data to a mathematical 
model when the data do not follow a linear pattern

resistance the obstruction to the flow of charge

rotational inertia qualitatively defined as the measurement of inertia of an extended 
body (system) in response to a torque acting on the system; formally 
named the moment of inertia, represented by the symbol I

rotational kinetic 
energy

the energy of an object or extended body rotating about an axis

rule of 70 a method of determining how long it takes 
for a population to double in size

scientific notation an expression of a number that is too small or too large to be 
written as a decimal; the number is written as a coefficient 
multiplied by the base 10 raised to an exponent

significant digits also called significant figures; the digits in a 
measurement or a calculation that are meaningful

significant figures also called significant digits; the digits in a measurement 
or a calculation that are meaningful

simple harmonic 
motion

occurs when an object is subjected to a linear restoring 
force, such as a force exerted by a spring on an object

solute potential the component of water potential that is a result of the concentration 
of solute in a cell; high solute potential generally has a negative 
effect on water potential and causes water potential to decrease

survivorship curves graphs that show the relative survival rates of a 
cohort of organisms at different ages; three types of 
survivorship curves: type I, type II, and type III

specific heat capacity the amount of heat required to change the 
temperature of 1 gram of the material by 1 K
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GLOSSARY

standard deviation a tool for measuring the spread, or variance, in a sample 
population; provides an estimate of the variation in the entire 
sample set; a large sample standard deviation indicates that 
the data have a lot of variability; a small sample standard 
deviation indicates that the data are clustered close to 
the sample mean and do not have much variability

standard error a statistic that allows a researcher to make an 
inference about how well the sample mean of a data set 
matches up to the true mean of the population

static friction occurs when the two surfaces in contact are 
not in relative motion to each other

stock solution a concentrated solution that is diluted

systematic errors experimental errors that occur every time a 
particular measurement is taken

threshold level 
of toxicity

the lowest concentration of a drug that elicits toxic effects

torque the force that causes an object to rotate

trend line also called a best-fit line; a straight line drawn on a scatter plot 
that indicates the pattern of the data; typically has approximately 
the same number of data points above and below the line

vector mathematical representations that show the direction 
and magnitude of certain physical quantities

velocity the rate of change of position with time

water potential the tendency of water to move by osmosis from one area to 
another; influenced by pressure potential and solute potential

wavelength the distance between two consecutive peaks (or troughs) of a wave

work force that acts over a distance

x-axis the horizontal axis of a graph; denotes the independent variable

y-axis the vertical axis of a graph; denotes the dependent variable
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Index

acceleration, 86

angular, 100

centripetal, 91

defining, 84

gravity and, 174, 181

accuracy, 33

acids, 58–59

addition

of capacitors, 155–156

of resistors, 152–153

writing results of, 19 (table)

age-structure diagrams, 74 (figure)

interpretation of, 73

air resistance, 133

alternative hypothesis, 37

aluminum, 52

amperes, 150

Ampere’s law

defining, 162

for magnetic fields, 162–163

angles

common, 174, 177, 181

of incidence, 109 (figure)

of right triangles, 79

theta, 128

angular acceleration, 100

angular momentum

change in, 102–103

defining, 101, 138–140

of point object in motion,  
138–140

units of, 101

angular velocity, 102

antiderivatives, 132

arc length, of circles, 81

area  (See also surface area)

of circles, 80, 175, 179, 183

of rectangles, 77, 175, 179, 183

of triangles, 78–79, 175, 183

atomic structure, 46–47

equations, 171

formulas, 171

Avogadro’s number, 171, 177, 181

balanced equations, 57

bar graphs, 13–14

use of, 17 (table)

bases, 58–59

Beer’s law, 52–53

Bernoulli’s principle, 117–118

best-fit line, 27

biology

calculator policy, 184

equations, 169–170

formulas, 169–170

Biot-Savart law, 161–162

Boltzmann’s constant, 177, 181

box and whisker plots, 14–17, 16 (figure)

use of, 17 (table)

buoyant force, 115–118

calculator policy, 184

calculus, 130–134

current in, 151–152

equations for, 183

vectors in, 134

work in, 134

capacitance

defining, 148–149

units of, 148

capacitors, 148–149

adding, 155–156

in circuits, 155–156

energy in, 150

net charge on, 149

in parallel arrangement, 157

parallel plate, 149–150

in series arrangement, 156
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INDEX

carrying capacity, 41

cart speed, 92

Celsius, 51, 52

center of mass computation, 136

centi, 4 (table)

centripetal acceleration, defining, 91

chain rule, 131

chemical equilibrium, 56–57

chemistry

calculator policy, 184

electrochemistry, 62–66, 172

equations, 171–172

formulas, 171–172

thermochemistry, 62–66, 172

chi-square table, 169

chi-square test, 37–38, 169

critical values of, 38 (table)

circles

arc length of, 81

area of, 80, 175, 179, 183

circumference of, 80, 175, 179, 183

radian of, 81

radius of, 80

circuits

capacitors in, 155–156

resistance and, 152–154

circular motion, rotation and, 138–140

circumference, of circles, 80, 175, 179, 183

coefficient of determination, 27

composite functions, 131

concrete blocks, 120

conduction, thermal, 119–120

confidence intervals, 32

for normal distribution, 32 (figure)

conservative force, 147

constants, 174

Boltzmann’s, 177

Coulomb’s law, 177

equilibrium, 57

magnetic, 177

Planck’s, 46, 177, 181

universal gas, 177, 181

universal gravitational, 177, 181

continuity equation, 118–119

conversion factors, 5–6, 174, 177

Coulombs, 66

Coulomb’s law, 141–142, 174

constants, 177

critical values, of chi-square test, 38 (table)

cross product, 129–130

cubes, 143

cup/mass system, 116

current, 66

in calculus, 151–152

defining, 150–151

transient, 151–152

units of, 150

current-carrying conductors, in magnetic 
fields, 159–160

curve fitting, 26–28

cylinders

surface area of, 82, 175, 179, 183

volume of, 81–82, 170, 175, 179, 183

Dalton’s law of partial pressures, 48–49

darts, 139

data

graphing, as straight line, 25

linearizing, 25–26

on line graphs, 11 (figure)

nonparametric data on histograms, 13 
(figure)

qualitative, 2

quantitative, 2

working with, 19–23

data tables

dependent variables in, 8

elements of, 8–9, 9 (figure)

independent variables in, 8

de Broglie equation, 126

decay, 16 (table)

deci, 4 (table)

definite integrals, 132

deka, 4 (table)

density, 52

of water, 116

dependent variables, in data tables, 8

derivatives, 130

of functions, 131

descriptive statistics, 28–32, 31 (table)

differential equations, first order, 132–134

differential relationships, 148
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INDEX

dilutions, 45–46

equations for, 170

dimensional analysis, 5–6

displacement

force and, 93

vector, 134

velocity and, 99

divers, 115

division, writing results of, 20 (table)

dose-response curves, pollution, 75–76

dot product

defining, 128

in work, 134

double-slit interference, 113–115

experiment, 113 (figure)

doubling time, calculation of, 72

drift velocity, 151

dynamics, 86–89

Earth-moon system, 94

ecosystems, 67–68

Einstein, Albert, 124

electric fields

defining, 142

in electrostatics, 141–144

electric flux

defining, 143

Gauss’s law and, 143–144

electricity, 175, 178, 182

electric potential

defining, 144–146

in electrostatics, 144–148

point charge and, 145–146

electrochemistry, 62–66

equations, 172

formulas, 172

electromagnetic fields (EMF), 167

electromagnetic radiation, 46

electrons, 126

charges, 171, 174, 177, 181

mass of, 174, 177, 181

electrostatics

electric fields in, 141–144

electric potential in, 144–148

energy  (See also mass-energy relationship)

in capacitors, 150

consumption, 74–75

defining, 93

free, 64–65

Gibbs free, 170

in inductors, 167–168

insolation, 68

kinetic, 92, 121

in light, 123

resources, 74–75

rotational kinetic, 103

work and, 93

English ivy leaves, 29–31

enthalpy, 63–64

entropy, 62–63

equations

atomic structure, 171

balanced, 57

biology, 169–170

for calculus, 183

chemistry, 171–172

continuity, 118–119

de Broglie, 126

for dilutions, 170

for electricity, 175, 178, 182

electrochemistry, 172

equilibrium, 171

first order differential, 132–134

gases, 172

for geometry, 175, 183

Hardy-Weinberg, 169

kinetics, 171–172

lens, 110

liquids, 172

for magnetism, 178, 182

for mechanics, 175

mirror, 110

notation of, 173, 176, 180

physics, 173–175

solutions, 172

thermal physics, 179

thermochemistry, 172

for trigonometry, 175, 183

for vector products, 183

for waves, 179

equilibrium

chemical, 56–57



Quantitative Skills in the AP Sciences 194

INDEX

constants, 57

equations, 171

expressions, 56

formulas, 171

gas, 57–58

errors

experimental, 33

percent, 23

random, 33

standard, 28–31

systematic, 33

experimental error, 33

exponential functions, 27

exponential growth model, 41–42, 170

population, 70

expressions

equilibrium, 56

for velocity, 130

factor-label method, 5

Fahrenheit, 51

fans, 99

Faraday’s law, 165

Farads, 148

field goal, 97–98

first law of thermodynamics, ideal gas law 
and, 122–123

first order differential equations, 132–134

five-number summary, 16 (table)

fluids

mechanics of, 179

pressure in, 115

flux

electric, 143–144

general definition of, 142–143

magnetic, 165

force, 86

buoyant, 115–118

conservative, 147

displacement and, 93

mass and, 87

springs and, 89

formulas

atomic structure, 171

biology, 169–170

chemistry, 171–172

electrochemistry, 172

equilibrium, 171

gases, 172

kinetics, 171–172

liquids, 172

physics, 173–175

solutions, 172

thermochemistry, 172

free energy, 64–65

frequency, 46

friction

direction of, 87

kinetic, 87–88

static, 88

functions

composite, 131

derivatives of, 131

exponential, 27

linear, 27

quadratic, 27

trigonometric, 174

in trigonometry, 181

fundamental units, 3–4, 3 (table)

gamma radiation, 124

gas equilibrium, 57–58

gases

equations, 172

formulas, 172

Gauss’s law, 143–144

geometry, 77–82

equations for, 175, 179, 183

Gibbs free energy, 170

giga, 4 (table)

glucose concentration, 9 (table)

graphs

bar, 13–14, 17 (table)

box and whisker plots, 14–17, 16 (figure), 
17 (table)

of data as straight line, 25

elements of, 9–10

histograms, 12–13, 13 (figure)

intervals on, 9

line, 10–11, 11 (figure), 17 (table)

linear, 26 (figure)

origin on, 9
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scatter plots, 11–12, 12 (figure)

titles of, 9

types of, 10–19

x-axis of, 9

y-axis of, 9

gravitation, universal law of, 90–92

gravitational constant, universal, 177, 181

gravitational field, 90–91

gravitational potential energy

low earth altitude, 94

power and, 95

universal law of, 94–95

gravity, acceleration and, 174, 181

gross primary productivity (GPP), 67

half-life, 54

determination of, 74–75

Hardy-Weinberg equations, 169

Hardy-Weinberg equilibrium, 39–40

harmonic motion, simple, 104–106

hecto, 4 (table)

histograms, 12–13

nonparametric data on, 13 (figure)

use of, 17 (table)

Hooke’s law, 89

hydrofluoric acid, 59

hypothesis

alternative, 37

null, 36

hypothesis testing, 36–38

ideal gas law, 47–48, 120–123

first law of thermodynamics and, 122–123

kinetic energy and, 121

monoatomic, 121

thermodynamics and, 122

impulse

defining, 97–98

positive, 98

incidence, angles of, 109 (figure)

independent variables, in data tables, 8

index of refraction, 108–109

inductance, 165–168

induction, 165–168

inductors

EMF as, 167

energy in, 167–168

inertia, 101

moment of, 134–136

relationships in, 135

rotational, 134–136

infant mortality, 73

insolation energy, 68

integrals

definite, 132

in work, 134

interference

double-slit, 113–115

features of, 112 (figure)

wave, 112 (figure)

joules, 92

kelvins, 51

kilo, 4 (table)

kinematics, 83–86

kinetic energy

defining, 92

ideal gas law and, 121

rotational, 103

translational, 121

kinetic friction, defining, 87–88

kinetics, 53–56

equations, 171–172

formulas, 171–172

laminar flow, 117

lens equation, 110

Lenz’s law, 165

lethal dose, 76

light, 109

energy in, 123

monochromatic, 114

speed of, 171, 174, 177

travel of, 109 (figure)

violet, 125

like variables, 133

limiting reactants, 44–45

linear functions, 27

linear graphs, 26 (figure)

linearizing data, 25–26

linear mass, 135–136

linear momentum, 97

linear movement, 138–140
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linear regression line, scatter plots with, 12 
(figure)

linear relationships, 25–26

line graphs, 10–11

data sets on, 11 (figure)

use of, 17 (table)

lines, best-fit, 27

liquids

equations, 172

formulas, 172

logistic growth model, 43, 170

population, 70, 72

log scale, for quantiles, 60

low earth altitude, gravitational potential 
energy, 94

magnetic constants, 177

magnetic fields

Ampere’s law for, 162–163

current-carrying conductors in, 159–160

moving charges in, 158–164

of solenoids, 164

views of, 163

magnetic flux, 165

magnetism, equations for, 178, 182

magnification, 111

mass

of electrons, 174, 177, 181

force and, 87

lifting, 94

linear, 135–136

of neutrons, 174, 177, 181

of protons, 174, 177, 181

relationships, 51

mass computation

center of, 136

total, 136

mass-energy relationship, 126–127

mass-spring system, 104

in simple harmonic motion, 105–106

mathematical models, 26 (figure), 39–43

values, 27 (figure)

maximum, 15, 16 (table)

mean, 28–31

standard error of, 169

measurement

fundamental units, 3

metric prefixes, 3–5

uncertainties in, 7

units of, 3

mechanics

equations for, 175, 182

of fluids, 179

median, 14, 16 (table)

mega, 4 (table)

merry-go-round, 101, 103

methane, 45

methylamine, 61

metric prefixes, 3–5, 169

micro, 4 (table)

milli, 4 (table)

Millikan oil-drop experiment, 20

minimum, 15, 16 (table)

mirror equation, 110

modern physics, 123–127, 179

molar concentration, 57, 61

mole ratio, 50

moles, 120

momentum

angular, 101–103, 138–140

defining, 97

linear, 97

of photons, 126

units of, 97

monoatomic ideal gases, 121

monochromatic light, 114

motion

circular, 138–140

of point object, 138–140

rotational, 98–104

simple harmonic, 104–106

uniform circular, 91–92

multiplication, writing results of, 20 (table)

nano, 4 (table)

net primary productivity (NPP), 67

neutrons, mass of, 174, 177, 181

Newton’s second law, 86–87

rotational motion and, 100

Nobel Prize, 124

normal distribution, 32

confidence intervals for, 32 (figure)

null hypothesis, 36–37
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Ohm’s law, microscopic definition of, 
154–155

optics, 179

origin, 10

oxygen

iron and, 65

volumes of, 10 (figure)

ozone, 47

parallel arrangement

capacitors in, 157

resistors in, 152 (figure)

parallel plate capacitors, defining, 149–150

pendulum, period of, 106–107

percentages

calculations using, 22

difference, 22–23

percent error, 23

perimeter, 78

pH, 59–62

photoelectric effect, 124–125

photons, 46, 124

momentum of, 126

physics

calculator policy, 184

equations, 173–175

formulas, 173–175

modern, 123–127, 179

prefixes, 174, 177, 181

table of information, 174

torque in, 138

pico, 4 (table)

pistons, 114–115

compressing, 123

cylinder assembly, 122 (figure)

Planck, Max, 123

Planck relationship, 123–124

Planck’s constant, 46, 171, 177, 181

point charge, 143

collection of, 145–146

electric potential and, 145–146

in square, 145 (figure)

point object

angular momentum of, 138–140

in motion, 138–140

pollution, dose-response curves, 75–76

population, 40

calculation of growth rates, 73

exponential growth model, 70

growth, 41–43, 69–72, 170

logistic growth model, 70, 72

position, velocity and, 85

potential difference, general definition of, 
147–148

potential energy

gravitational, 94–95

springs, 96

power

defining, 95

gravitational potential energy  
and, 95

relationship, 155

rule, 130

precision, 33

pressure

defining, 114

in fluids, 115

units of, 114

pressure potential, 35–36

primary productivity

calculation, 170

in ecosystems, 67–68

gross, 67

net, 67

probability, laws of, 169

proton mass, 174, 177, 181

quadratic functions, 27

qualitative data, 2

quanta, 124

quantiles, log scale for, 60

quantitative data, 2

quartiles, 14, 16 (table)

radian, of circles, 81

radioactive decay, 127

radius, of circles, 80

random errors, 33

Raoult’s law, 50

rate, 170

calculations, 23–25

ray diagram, 110 (figure)
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rectangles

area of, 77, 175, 179, 183

volume of, 78, 170, 179

reference points, 94

refraction, index of, 108–109

regression analysis, 27

relationships

differential, 148

in inertia, 135

linear, 25–26

mass-energy, 126–127

Planck, 123–124

power, 155

resistance

circuits and, 152–154

units for, 154

resistors

adding, 152–153

in parallel arrangement, 152 (figure)

in series arrangement, 152 (figure)

reversible reactions, 56

revolutions, 99

right triangles, 175, 179, 183

angle of, 79

rods, 135

rotation, circular motion and, 138–140

rotational inertia, 134–136

rotational kinetic energy

change in, 103

defining, 103

rotational motion, 98–104

Newton’s second law and, 100

rule of 70, 72

scalar product  (See dot product)

scalar quantity, 143

scatter plots, 11–12

with linear regression line, 12 (figure)

use of, 17 (table)

scientific notation, 20–21

series arrangement

capacitors in, 156

resistors in, 152 (figure)

significant digits, 6–7

from different scales, 7 (figure)

rules for, 7 (table), 8 (table)

simple harmonic motion (SHM), 104–106

mass-spring system in, 105–106

period of, 105

Snell’s law, 109–110

solenoids

magnetic fields of, 164

standard, 164 (figure)

solute potential, 35–36, 170

solutions

equations, 172

formulas, 172

special theory of relativity, 124

specific heat capacity, 62

speed of light, 171, 174, 177

spheres

surface area of, 82, 170, 175, 179, 183

volume of, 82, 170, 175, 179, 183

springs

force exerted by, 89

potential energy, 96

standard deviation, 28–31

standard error, 28–31

of mean, 169

static charge, 141

static friction, defining, 88

statistics, descriptive, 28–32, 31 (table)

stock solutions, 45

stoichiometry, 44–45

subtraction, writing results of, 19 (table)

surface area, 34–35

of cylinders, 82, 175, 179, 183

of rectangles, 170

of spheres, 82, 170, 175, 179, 183

survivorship curves, 69 (figure)

type I, 68

type II, 68

type III, 68

systematic errors, 33

Système International (SI), 3

prefixes, 4 (table)

units in, 3 (table)

tables, 100

temperatures, 29, 51–52

tera, 4 (table)

thermal conduction, 119–120
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thermal physics, 119–120

equations, 179

thermochemistry, 62–66

equations, 172

formulas, 172

thermodynamics

first law of, 122–123

ideal gas law and, 122

theta angles, 128

threshold level of toxicity, 74–75

time, velocity and, 99

torque

defining, 100–101, 138

in physics, 138

total mass computation, 136

toxicity, threshold level of, 74–75

transient currents, 151–152

triangles

area of, 78–79, 175, 179, 183

right, 79, 175, 179

trigonometry, 77–82

equations for, 175, 183

functions in, 174, 177, 181

turnip peroxidase color chart, 2 (figure)

two-slit interference, 112 (figure)

uncertainties, in measurement, 7

uniform circular motion, 91–92

United States Customary System (USCS), 3

units in, 3 (table)

units

of angular momentum, 101

of capacitance, 148

conversion of, 3, 5–6

of measurement, 3

of momentum, 97

of pressure, 114

for resistance, 154

in SI, 3 (table)

symbols, 174, 177, 181

in USCS, 3 (table)

universal gas constant, 177, 181

universal gravitational constant, 177, 181

universal law of gravitation, 90–92

universal law of gravitational potential  
energy, 94–95

vacuum permittivity, 177, 181

vapor pressure, 50

variables

dependent, 8

independent, 8

like, 133

on x-axis, 25 (figure)

vector products, 128–130

equations for, 183

vectors

in calculus, 134

displacement, 134

drawing, 128 (figure)

magnitude of, 83

velocity

angular, 102

calculation of, 24

defining, 84

displacement and, 99

drift, 151

expressions for, 130

position and, 85

time and, 99

violet light, 125

volume, 34–35

of cylinders, 81–82, 170, 175, 179, 183

of rectangles, 78, 170, 179

of spheres, 82, 170, 175, 179, 183

wagons, 86

water

density of, 116

flow of, 119

potential, 35–36, 170

surface, 116

tanks, 117

wavelength, 46

defining, 108

waves, 175

equations for, 179

interference, 112

whirly gig lab, 91

wire, 159–160

wooden blocks, 87

work

in calculus, 134
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defining, 93, 134, 135

dot product in, 134

energy and, 93

integrals in, 134

work-energy theorem, 93

x-axis, 9

variables on, 25 (figure)

y-axis, 9
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